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Preface

I started this PhD as continuation of my master thesis topic, which was about
optimizing radiative transfer. Although the main work of this PhD is the same
in concept, the scope is significantly different. Instead of solely focusing on the
numerics of the computation, I now had specific goals we wanted to reach. In the
research group of my supervisor Leen Decin, the goal is to better understand the
origin of the chemical species in our universe. To do this, we have to simulate
the chemistry in the outflow of a specific type of stars, namely AGB stars. For
this, we evidently need chemistry calculations, but also require hydrodynamics
and last but not least, radiative transfer. Therefore the practical goal of this
thesis is to make detailed line transfer more computationally efficient1. For the
science goals, we want to be able to compare observations of these AGB stars
with simulated images, made from simulations of the AGB wind. Furthermore,
the chemistry is impacted by temperature, and thus by radiative cooling.

First of all, I would like to thank my supervisors Leen and Frederik, who
provided much needed advice and support, albeit each with slightly different
focus. Leen focused more on the overarching context of my PhD, while Frederik
was slightly more interested in the methods. You have both given me quite
some freedom to explore what science I wanted to do, but when necessary, also
given me direction I needed.

Secondly, I would like to the entirety of of team L.E.E.N., for the advice given
during and outside of the team meetings, both on science-related topics, and
non science topics. If there one last piece of advice I may give to you: remember
to continue the tradition of bringing snacks to the team meeting.

Of course also colleagues of the IvS, for the generally pleasant work environment.
As a relatively quiet person, I quite enjoyed hearing the conversations happening

1At this moment of the explanation, I feel that I should thank both of my supervisors,
who more than once reminded me that I should not only focus on the (numerical) methods,
but also on the science goal we aim to reach.
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in the coffee room next door from my office, no matter how random they might
seem to be at times. Even though I did not join many of the outside of work
activities organized by you, I consistently joined the board game evenings, which
I really liked.

Last but not least, I would like to thank my family for supporting me whenever
I needed it throughout these 4 years, which has probably taken a bit longer in
my perceptions of time than in yours. No matter how dry all this statement
may seem to be: I truly appreciate all of you for being there during my PhD.

The work in this manuscript has received computational support in the form
fo available computational resources and HPC training from the the Flemish
Supercomputer Centrum (VSC) and their UK counterpart DIRAC. Finally, I
acknowledge support from the Vlaams Wetenschappelijk fond (FWO), grants
166722N and 166724N for making this PhD possible.



Popularized Abstract

After stars come to their end, their remains can be recycled to create new stars
and planets. In this way, the chemical composition of this material will be
inherited by the new objects. Thus, to understand the chemical origins of the
Earth and our Sun, we must figure out the chemical processes in which these
chemical species are made in aging stars. An important fraction of the mass
of these stars is lost in the so-called AGB phase, which low-to-intermediate
mass stars (with initial mass of up to 8 solar masses) enter the end of their
lives. In this phase, they expel their outer layers in so-called stellar winds,
which can reach up to ∼ 15 − 30 km/s. To simulate the chemistry, one
needs the temperature, the pressure and the gas density. These parameters
can be obtained from hydrodynamics simulations but are also influenced by
radiation transport. Matter which emits light, loses energy and therefore cools.
From the observational side, different colors of light are emitted and absorbed
differently in the envelope, depending on its composition, which informs us
about the presence/absence of specific molecules. Therefore, the spectrum of
light contains a lot of information. Simulating line radiative transfer comes
at a high computational cost. This is especially true when simulating light
self-consistently on top of expansive 3D stellar winds models. As knowledge of
the temperature is crucial in both chemistry and hydrodynamics, we must also
be able to calculate the cooling induced by radiation. In this thesis, we explore
various computational improvements to line radiative transfer, and implement
them in the open-source 3D line radiative transfer library Magritte. We
try optimizing model discretization and explore various improvements to the
numerical implementation of radiative transfer. Furthermore, we explore a new
numerical method to simulate radiative transfer, and finally also try out GPU
computing, attempting to speed up our computations by utilizing more powerful
compute hardware. Finally, we calculate radiative cooling rates for CO in the
AGB environment, in order to improve the physics of AGB simulations.
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Gepopulariseerde
Samenvatting

Op het eind van hun leven, verliezen sterren het gros van hun material waaruit
ze zijn opgebouwd. Deze overblijfselen vormen later nieuwe sterren en planeten.
Op deze wijze hangt de samenstelling van de nieuwe objecten af van de oudere
sterren. Bijgevolg, om de oorsprong van de chemische samenstelling van de
aarde en de zon te achterhalen, moeten we chemie kunnen simuleren. Het
blijkt dat het overgrote deel van het material afkomstig is van zogenaamde
AGB-sterren, oude sterren met een initiële mass van tussen de 0,8 tot 8
zonsmassas. In deze fase verliezen ze hun massa in sterrenwinden, die snelheden
tot ∼ 15 − 30 km/u bereiken. Om de chemie te simuleren in de winden,
moeten we de temperatuur, druk en dichtheid kennen. Deze parameters kunnen
we afleiden uit hydrodynamica simulaties, maar worden ook beinvloed door
stralingstransport. Bijvoorbeeld, wanneer materiaal licht uitstraalt, verliest
het energie en dus koelt het af. Bovendien kunnen we ook veel informatie
halen uit de observatie van licht, omdat elk atoom/molecule licht absorbeert
en uitstraalt op unieke golflengten (∼kleur). De nodige berekeningstijd
om lijnstralingtransport te simuleren, is hoog. Bovendien beinvloeden het
stralingsveld en de energetische staat van het materiaal elkaar wederkerig, wat
de simulaties nog duurder maken. Omdat de temperatuur een significante
impact heeft op zowel chemie en hydrodynamica, is het belangrijk dat we
stralingskoeling kunnen berekenen. In deze thesis onderzoeken we verscheidene
optimalizaties voor het berekenen van lijn stralingstransport, en implementeren
deze in de open-source lijn stralingstransfer code Magritte. We bekijken onder
andere de model discretizatie en verscheidene verbeteringen met betrekking tot
de numerieke implementatie van stralingstransport. Bovendien onderzoeken we
een nieuwe numerieke methode om dit te simuleren. Verder bekijken we ook hoe
we grafische kaarten kunnen inzetten in de berekening. Tot slot berekenen we
de stralingskoeling voor het molecule CO in de AGB winden, om de simulaties

v



vi GEPOPULARISEERDE SAMENVATTING

van de AGB winden te verbeteren.



Abstract

A significant fraction of gas and dust in the Interstellar medium (ISM) originates
from the outflows of low to intermediate mass stars in the Asymptotic Giant
Branch (AGB) phase. Therefore, the chemical composition of the ISM is closely
related to the chemistry happening in the complex winds originating from these
stars. This material can later on be recycled to form new stars and planets; the
chemical species formed in these AGB winds therefore form the building blocks of
our solar system. The chemistry depends on local conditions, such temperature,
density and pressure, and is therefore influenced by thermodynamics. To
understand how and where the chemical species are formed, we must simulate
the AGB environment. From recent observations, the outflow shape of several
AGB stars appears to be significantly different from spherical symmetry, showing
arc-like structures, which might indicate the presence of a companion. In light
of this, we can no longer treat AGB simulations in 1D.

Radiative transport is the main topic of this thesis, as light impacts the dynamics
through radiative cooling and radiative pressure. Furthermore, light directly
provides information about the physical and chemical processes in the outflow.
Of particular importance to this thesis are line absorption and line emission.
The presence of molecules/atoms influences the intensity of light in narrow
frequency bands around their line frequencies, unique to each species. The
particular shape of these line profiles are shaped by the density, temperature
and velocity profile of the wind. Thus radiative transfer is necessary for both
improving simulations and understanding the observations of these distant
objects. Assuming that we can efficiently simulate radiative transfer for the
AGB models, we can implement additional physics in our simulations and try
to better interpret the observations.

However, simulating line radiative transfer on 3D models is computationally
expensive, even more so if we simulate it in a self-consistent manner, given that
the radiation field depends on the energy state of the medium and vice versa.
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viii ABSTRACT

In this thesis, we will mainly be improving the non- Local Thermodynamic
Equilibrium (NLTE) line radiative transfer code Magritte, exploring many
approaches to optimize our simulations. We improve the individual calculation
steps of the radiative transfer simulations, and explore a potentially more
computationally efficient formulation of radiative transport equation. We also
rewrite our simulation code in an array-oriented paradigm, using Pytorch, a
machine learning library. This approach allows us to run our codes on various
hardware, including GPUs, and allows for (linear) uncertainty quantification,
given that models created using machine learning libraries are fully differentiable.
We apply a similar approach in order to automate retrieval modeling, which
consists of comparing synthetic observation of the modeled environment against
observations of an astrophysical object to find the physical parameters of the
object. Finally, we compute radiative CO cooling in the AGB environment, given
that CO is abundant in this regime. However, given that NLTE line radiative
transfer is still too expensive to simulate for including it in a hydrodynamics
simulation, we propose a prescription for the net radiative CO cooling in the
AGB outflow.

With the results of this thesis, we can now more efficiently simulate NLTE
line radiative transfer. These tools can be utilized to include more radiative
transfer physics in simulations of the AGB outflow. This will improve our
understanding of the chemistry in this environment by allowing the simulations
to better match reality, which brings us one step closer to understanding the
origin of the chemical composition of the ISM, and by extension the origins of
the building blocks of our solar system.



Beknopte Samenvatting

Een significant gedeelte van het het gas en stof in het interstellaire medium (ISM)
vindt haar oorsprong in de omgeving rond licht-tot middelmatig zware sterren
die zich in de AGB fase bevinden. Bijgevolg is de chemische samenstelling van
het ISM gerelateerd aan de chemie die gebeurt in de turbulente sterrenwinden
van de sterren. Het materiaal in het ISM kan later worden hergebruikt om
nieuwe sterren en planeten te vormen; bijgevolg beinvloedt de chemie in deze
sterrenwinden de samenstelling van ons zonnestelsel. De chemie wordt beinvloed
door de lokale temperatuur, dichtheid en druk, en is dus afhankelijk van de
hydrodynamica. Om te begrijpen waar en hoe bepaalde moleculen tot stand
komen, moeten de AGB steromgeving simuleren. Uit recente observaties weten
we dat de vorm van enkele van zulke sterrenwinden ver van sferisch symmetrisch
is, en boogstructuren lijkt te bevatten, wat erop kan wijzen dat er een nabije
buurster is. Bijgevolg kunnen we deze niet meer modelleren met 1D modellen.

Het hoofdonderwerp van deze thesis is stralingstransport, geven dat licht
de dynamica beïnvloed door middel van stralingskoeling en stralingsdruk.
Bovendien bevat licht informatie over en de fysica en de chemie die zich
afspeelt in deze verre objecten. In deze thesis zijn voornamelijk lijn
absorptie en lijn emissie van belang, omdat de aanwezigheid van atomen
en moluculen de intensiteit van licht beïnvloedt in nauwe frequentiebanden
rond bepaalde lijn frequenties, die uniek zijn voor elk soort atoom/molecule.
De vorm van de intensiteitscurve rond de lijnfrequentie wordt bepaald door
de temperatuursprofiel, de dichtheidsverdeling, en het snelheidsveld van de
AGB wind. Bijgevolg is het simuleren van stralingstransport noodzakelijk om
onze simulaties te verbeteren en observaties van deze AGB winden te kunnen
begrijpen.

Helaas zijn deze stralingstransport simulaties computationeel duur, zeker in
3D. Als we bovendien het stralingstransport op een consistent manier willen
berekenen, moeten we rekening houden met het feit dat het stralingsveld en de
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energetische staat van het medium van elkaar afhangen.

In deze thesis zullen we voornamelijk de niet-LTE lijnstralingstransport code
Magritte verbeteren, op verscheidene manieren. We optimalizeren de
individuele berekeningsstappen in de simulaties, en bekijken een potentieel
efficientere formulering van de stralingstransport vergelijking. We herschrijven
ook de algoritmes in onze code om berekeningen op grote vectoren van data uit
te voeren, wat efficienter geëvalueerd kunnen worden op modernere computer
architecturen. We maken hiervoor gebruik van Pytorch, een functiepakket
bedoelt om aan machine learning te doen. Dit laat ons toe om code te schrijven
welke werkt op een variëteit aan hardware architecturen, inclusief grafische
kaarten, en om een maat van onzekerheid te berekenen op onze bekomen
resultaten. We gebruiken ditzelfde functiepakket ook om model reconstructie te
automatiseren. Vanuit een astrofysische observatie proberen we de fysische staat
van het medium te bepalen aan de hand van het vergelijken van synthetische
observaties met de observatie. Tot slot berekenen we de stralingskoeling van CO
in de AGB omgeving. Omdat het simuleren van NLTE line stralingstransport
nog steeds te traag is om in onze AGB modellen te steken, maken we een fit
voor de CO koeling in deze omgeving.

Met de resultaten uit deze thesis kunnen we nu efficienter NLTE stralingstrans-
port simuleren. De tools ontwikkeld in deze thesis kunnen nu gebruikt worden
om meer fysica in onze modellen voor de AGB winden te steken. Dit zal
ons verstaan van de chemie in deze omgeving verbeteren, wat ons een stap
dichter brengt bij het begrijpen van chemische samenstelling van het ISM, en
bij extensie de oorspong van de bouwstenen van ons zonnestelsel.



List of Abbreviations

The following table contains all abbreviations that will be used throughout this
thesis.

Table 1: The abbreviations used in this manuscript.
Abbreviation Full
AGB Asymptotic Giant Branch
ALI Accelerated Lambda Iteration
ALMA Atacama Large Millimeter/submillimeter Array
AMR Adaptive Mesh Refinement
API Application/programmer interface
CPU Central processing unit
GPU Graphics processing unit
LAMDA Leiden Atomic and Molecular Database
LTE Local thermodynamic equilibrium
NLTE non- Local thermodynamic equilibrium
PINN Physics informed neural network
SKA Square Kilometer Array
SPH Smoothed Particle Hydrodynamics
TPU Tensor processing unit
UV Ultra violet
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List of Symbols

Table 3 contains most of the symbols used in this thesis. Symbols which are
only used at a single place in this thesis, or are a variation on an already defined
symbol (e.g. use an extra subscript), might be excluded from this list, depending
on their importance in this thesis. Note that some symbols can have multiple
different meanings depending on the context. As we require different subscripts
in the different chapters, we denote chapter-specific notation in Table 2.

Table 2: Chapter specific notation. The notation in this table is different
compared to Table 3 in the specified chapters.
Chapter Symbol Description
Chapter 3 χij Frequency integrated line opacity
Chapter 4 ∗ij Subscripts denoting frequency index i and spatial index j
Chapter 4 ∗ul Subscripts for denoting the line transition u→ l
Chapter 4 ∗obs Subscript denoting observer frame variable

xiii



xiv LIST OF SYMBOLS

Table 3: Symbols used in this thesis
Symbol Description
I Specific monochromatic intensity
x Position
ν Frequency
η Total emissivity
χ Total opacity
S Source function
B Planck distribution
h Planck constant
c Speed of light
kb Boltzmann constant
τ Optical depth
∆τ Optical depth increment
Ibdy Boundary intensity
∆E Energy difference
φij Line profile function for transition i→ j
δνij Line profile width
νij Line center frequency
Aij Einstein coefficient for spontaneous emission
Bij Einstein coefficient for stimulated emission
Bji Einstein coefficient for absorption
Cij Collisional rate coefficient
T Temperature
mspec Species mass
vturb Turbulent velocity
ηij Line emissivity
χij Line opacity
ni Energy level population
n∗ Ng-acceleration prediction for the converged ni
v Velocity
n̂ Direction unit vector
gi Energy level multiplicity
Jij Mean line intensity
Ω Solid angle
ρ Number density
Λ Operator used in Λ-iteration
Λ∗ Approximation to the Λ-operator, used in ALI
l∗ij Local contribution to the Λ-operator
Λ Net cooling rate
∗c Subscript for denoting co-moving frame variables
∆x Position difference
∆ν Frequency spacing
∆ν Doppler shift
L Loss function
NQUANTITY Amount of the specified QUANTITY in a model
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CHAPTER 1
Astronomical context

Planetary systems, including the solar system, are formed by dust and gas
contracting in the interstellar medium (ISM). The chemical composition of our
Sun and Earth is therefore seeded from the ISM. In the same way that the
birth of new stars extracts material from the ISM, the death of stars deposits
new material to the ISM. Depending on how a star evolves throughout its life,
different chemical elements get produced. In the final stages of their lives, stars
eject most material from their envelope, which ends up in the ISM. There, the
material can be reused for forming a new generation of stars and planets.

During their lifetime, stars nucleosynthesize chemical elements in their core and
envelope, when the temperature and density are sufficiently high. Depending
on the mass of the star, heavier elements can be created. Most stars are low-to-
intermediate mass stars, with a mass between 0.8-8 solar masses. At the end
of their lives, they enter the so-called AGB (Asymptotic Giant Branch) phase.
In this phase, they eject most of their mass in stellar winds. Furthermore,
some reactions in the (unstable) layers of the star, create an excess an excess
of neutrons, which allows heavier s-process elements to form through (slow)
neutron capture. These AGB stars provide most of the Li, C and N in the
universe and produce significant amounts of s-process elements, ranging from
38Sr to 83Bi. Furthermore, the physical conditions within their stellar winds
allow for complex chemistry to occur [Van de Sande et al., 2019, Maes et al.,
2023]. The created molecules and dust end up in the ISM, forming the building
blocks to create new stars and planetary systems. In total, AGB stars provide
∼ 85% of the gas and ∼ 35% of the dust [Tielens, 2005] available in the ISM.

In this chapter, we will mainly be focusing on AGB star physics, given that
their winds are an important source of molecules for the ISM. However, the
other chapters of this thesis are about (computing) radiation transport. Some
details about the radiation transport described in this thesis are specific to the

1
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Figure 1.1: Periodic table of elements colored according to their origin. The
colored area is proportional to fraction of the element originating from the
different astrophysical origins. Figure taken from Arcones and Thielemann
[2022].

AGB enviroment, but the majority of the content in this thesis is also applicable
to different astrophysical regimes. For this introductory chapter, we first start
by explaining how low-to-intermediate mass stars reach the AGB phase in
Section 1.1, before explaining the characteristics of the phase itself in Section
1.2. Afterwards, we briefly touch upon the relevant physics for understanding
the dynamics of the stellar wind in Section 1.3.

1.1Stellar evolution

This section is based on standard textbooks [Aerts, 2021, Kippenhahn et al.,
2012]. Before we explain the physics concerning Asymptotic Giant Branch
(AGB) stars, we first explain how a star ends up in this phase. We will limit
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Figure 1.2: Hertzsprung-Russel diagram for various initial masses, using a
solar-like metallicity of Z = 0.02. Each evolution track starts in the pre-main
sequence, and ends in the AGB phase. Figure taken from Fig. 8.1 of Oswalt
and Barstow [2013].

the scope of this chapter to low-to-intermediate mass stars, which eventually
evolve into the AGB phase.

A protostar is born from a collapsing cloud of dust and gas. When the cloud
contracts, the density, temperature and luminosity increase. Eventually the
temperature in the core becomes hot enough for hydrogen burning to start,
dramatically increasing the emitted radiation, enabling the radiation pressure to
counteract gravity, thereby forming a stable star. Stars with insufficient mass,
below 0.08M�, never reach hydrogen burning and end up as a brown dwarf
instead. The start of hydrogen burning puts the star on the main sequence of
the Hertzsprung-Russel diagram (see Fig. 1.2). For 90% of its life, it will remain
in this phase, until most of the hydrogen in its core is exhausted. Afterwards,
the hydrogen burning produces too little energy, while the temperature in the
core is too low to initiate helium burning. Therefore, the star contracts due
to gravity. Slowly, the temperature in the hydrogen shell rises, and eventually
becomes high enough for hydrogen burning to start, which deposits extra helium
in the core. This marks the beginning of the sub-giant phase. Because of the
shell hydrogen burning, the envelope expands due to the increased luminosity,
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moving the star along the red giant branch. At the same time, the core keeps
contracting, as the insufficient amount of hydrogen burning no longer generates
enough radiation pressure to counteract gravity. Eventually, the core becomes
hot enough to enable helium burning, which signals the end of the red giant
phase. For stars below ∼ 2.3M�, the matter in the core has become degenerate,
and helium burning occurs without expanding the radius of the core. Therefore
a thermal runaway occurs, creating the so-called helium flash. Afterwards, the
star enters the horizontal branch phase, in which stable helium burning occurs,
together with hydrogen burning in the hydrogen shell. In the end, most matter
in the core will be converted to carbon and oxygen, but the star will never reach
the temperatures required to initiate carbon burning. The star now enters the
AGB phase.

1.2AGB stars

Although the core no longer participates in nucleosynthesis, temperatures in
the envelope can become high enough to initiate hydrogen and helium burning
at different radii. This is an unstable process, as the helium burning provides
energy for the upper layers, which causes them to expand, and therefore cools
the upper layers. This temporarily deactivates the hydrogen shell burning,
which results in less helium being available for the lower layers, which eventually
halts the helium burning. At this point the upper layers may contract again,
restarting the hydrogen burning. Thus the cycle can begin again, until not
enough matter remains for it to restart. Most of the envelope is then blown
away, and what remains is a CO core, which signals the start of the post-AGB
phase.

These pulsations in the AGB phase launch strong winds, with terminal velocities
up to 30 km/s [Ramstedt et al., 2008], resulting in additional mass loss for
the AGB star, with rates ranging from ∼ 10−8 to ∼ 10−5M�/yr [Kippenhahn
et al., 2012]. In these winds, different dynamical and chemical processes take
place, depending on the distance to the star (as illustrated in Fig. 1.3). The
winds start in the outer atmosphere of the star. In this region, chemistry can
take place, as the temperature is low enough to prevent molecules immediately
dissociating after formation (more in Section 1.3.1). Eventually the material
reaches a cooler region, below 1500 K, in which dust can condense [Gail and
Sedlmayr, 2014]. This dust then gets accelerated by radiation pressure, dragging
along the gas [see e.g. Höfner and Olofsson, 2018]. Eventually, we get a steady
outflow1, in which the density drops, such that high-energy UV-photons can

1Gravitational force falls off as r−2 and radiative pressure falls off as ρr−2 ∼ r−4, so
almost no external forces act on the outflow in the outer regions.
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Figure 1.3: Schematic representation of the physics and chemistry in a 1D
stellar wind originating from an AGB star. The puffed-up AGB star has a
stellar radius R∗ of about 1AU. Figure taken from Decin [2020]

penetrate and cause photo-dissociation.

Furthermore, some AGB outflows are far from symmetric (see Fig. 1.4). Because
of the spiral-like structures observed, it is therefore hypothesised that some of
these stars might have a binary companion, which interacts with the outflow to
create intricate shapes [see Malfait et al., 2021, Maes et al., 2021].

1.3Physics and chemistry in stellar winds

This section contains a brief overview of the physics responsible for the shape
and contents of the AGB outflows (possibly impacted by a binary companion).

For modeling the physics concerning the outflow an AGB star, we need 3 main
components: chemistry, hydrodynamics, and radiative transfer. Chemistry
decides which molecules can form in the stellar wind (see Section 1.3.1).
Hydrodynamics shapes the stellar wind and provides densities and temperatures
for the chemistry, as explained in Section 1.3.2. Last but not least, radiative
transfer impacts the pressure and temperature, through radiative pressure and
radiative cooling, respectively (refer to Section 1.3.3). It also provides a means
to compare our simulations to observations, as we can use it to create synthetic
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Figure 1.4: Non-symmetric outflows of AGB stars, as observed by the Atomium
ALMA large program. Blue and red correspond respectively to material moving
towards and away from the observer. © L. Decin, ESO, ALMA
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observations from hydrodynamics models augmented with a description of the
chemistry.

1.3.1Chemistry, dust and gas

Depending on the carbon to oxygen ratio, C/O, of the star, different chemical
reactions may take place in the stellar wind. This is due to the least abundant
element being eventually fully depleted forming CO, and therefore almost not
available for other reactions. In case that the C/O ratio is close to one, both
carbon and oxygen remain available in more significant amounts. CO is the
most common molecule in the stellar wind, except for H2. For O-rich stars,
assuming chemical equilibrium, models predict H2O to be the (third) most
abundant molecule, while in C-rich stars C2H2, HCN are expected. However,
from observations, we see that O-bearing molecules (such as H2O) have been
detected in C-rich stars and vice versa [Agúndez et al., 2020]. As illustrated in
Fig. 1.3, the assumption of chemical equilibrium is not valid in the region just
outside the AGB star [Maes et al., 2023]. Therefore, the chemical composition
of the wind varies throughout the stellar envelope. As the stellar wind travels
outwards, the physical conditions, such as temperature and density, vary. This
causes different chemical reactions to take place at varying distance from the
star. In cooler regions, further away from the star, starting at a few stellar radii,
the temperature drops such that dust grains can start to condensate [Höfner
and Olofsson, 2018]. The dust absorbs light at infrared wavelength, accelerating
outwards because of radiation pressure, dragging gas along with it. Because
of collisions with dust, the gas also gets accelerated. Even further away, the
dust density decreases, such that UV photons can penetrate and interact with
the dust grains, causing photo-dissociation. A more detailed description of the
chemistry around AGB stars can be found in Maes [2024].

1.3.2Hydrodynamics

In absence of a companion object, the stellar wind structure is approximately
spherically symmetric. Deviations from spherical symmetry can arise, for
example due to clumping, or the influence of magnetic fields. The physical
properties of the wind are determined by conservation laws: the conservation
of mass, momentum and energy, determine the density, velocity and internal
energy of the gas. Thus by simulating hydrodynamics, we obtain the densities2
and temperatures3, needed for the chemistry modeling.

2Technically, you will need to assume initial abundance ratios for the different chemical
species, and treat the input density as total density of all the chemical species.

3Which is related to the change in internal energy, through for example adiabatic cooling.
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However, we have seen in Fig. 1.3 that the outflows originating from some
AGB stars are not at all spherically symmetric. In this case, the presence of
a binary companion can explain the correlated density structures. Depending
on the orbital parameters (eccentricity, period, and semi-major axis) of a
binary system, many structures can appear, ranging from almost unperturbed
spherically symmetric outflows to spiral-shaped outflows, arcs and smaller scale
accretion discs around the companion [Maes et al., 2021, Malfait et al., 2021,
Malfait, 2024].

1.3.3Radiative transfer

Light contains a wealth of information about the environment from which
it originates. Many different observables exist: for example interferometry
provides precise information about the location of an object in the plane of
the sky, photometry offers brightness data in various spectral bands, aiding
in the determination of an object’s temperature and distance. Furthermore,
polarization provides insights, for instance, into the surrounding magnetic field
of an object, as it reflects the scattering of light by polarized dust grains. Finally,
spectral lines are sharp features in the spectral energy distribution of radiation.
They originate from quantized energy transitions in the atoms and molecules
in the medium. The frequencies at which these lines appear are specific to
the chemical species that produce them, and thus can be used to deduce their
origin in astrophysical observations. As physical experiments are not feasible
in astronomy due to the scales involved, all theory must be verified using
observations. Therefore it is not exaggerated to state that most of astronomy
theory is built on the detection of light.4

The paragraph above may lead to the impression that light is merely the
messenger of the physical and chemical processes in the star. However, it
plays an important role in the energy and momentum transport. For instance,
radiation pressure can shape the dynamics of stellar atmospheres, as it can
allow a stellar outflow to form. In AGB stars, infrared radiation on dust grains
launches the wind [Höfner and Olofsson, 2018]. In contrast, in the hotter, higher
mass stars, metal lines5 absorb UV photons originating from the star [Sander
et al., 2017], also launching an outflow. Radiative cooling has a significant
impact on the physical properties of the AGB outflow. For example, in Malfait
et al. [2024b], the inclusion of atomic H I atomic cooling in their AGB binary
hydrodynamics simulations significantly reduced the temperatures in the hot
regions around the binary companion. As a consequence, an accretion disk can

4For this thesis, we ignore gravitational waves and high-energy particles, as these are not
significantly present in the AGB stage.

5In astronomy, metals are defined as: all elements heavier than helium.
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form around the companion, which was not the case in Malfait et al. [2021].
Finally, some chemical reactions are influenced by high-energy photons. For
example, UV-photons can dissociate molecules in the AGB wind [Khouri et al.,
2014] or interact with the dust grains [Van de Sande et al., 2020]. In contrast to
the ISM, the material in the inner parts of the wind is shielded from UV-photons.
Thus radiative transfer is required to evaluate the intensity of the high-energy
photons.

In hydrodynamics, the cooling prescription used can have significant impact on
the resulting geometry [see e.g. Malfait et al., 2024b]. The cooling contributions
can originate from either hydrodynamics or radiative transfer. Radiative cooling
arises from a net emission of radiation by the chemical species and dust of the
environment. In the AGB outflow, CO can provide a significant amount of
cooling, as it the second most abundant molecule in that regime. Although H2
is the most abundant molecule, it has no dipole moment. As a consequence, it
has no rotational energy transitions. Thus the temperature regime in which H2
cooling is relevant starts therefore significantly higher, at approximately ∼ 6000
K6. In this thesis, we will therefore aim to calculate radiative cooling rates for
CO, as currently, no CO cooling rate prescription has been proposed for AGB
environment. We do note however that several CO cooling prescriptions exist
for the ISM [see e.g. Neufeld and Melnick, 1991, Whitworth and Jaffa, 2018].

In this chapter, we explained the astronomical context of this thesis. In short,
low-mass stars produce significant parts of the dust and gas in the ISM, from
which new stars and planets are formed. These low-mass stars contribute this
material to ISM during the AGB phase, at the end of their lives. At this
stage, the stars lose a significant amount of mass in their stellar wind (up
to 10−5M�/yr). These winds are characterized by complex non-equilibrium
chemistry, the products of which end up in the ISM. For accurately computing
the chemistry occurring in these winds, we need temperatures and densities
from hydrodynamics, augmented with heating and cooling contributions from
radiative transfer. One promising candidate, which has not yet been explored in
the AGB environment, is radiative cooling from CO. Furthermore, to compare
any hydrodynamics model with an astronomical observation, we need to simulate
radiation transport inside the modeled object. Thus, starting from the next
chapter, we explain the physics concerning radiation transport, and how to
numerically solve the corresponding equations.

6This estimate uses the energy difference corresponding to the 1-0 S(0) vibrational transition
of H2.





CHAPTER 2
Introduction

In this chapter, we will provide all theory required to simulate self-consistent
3D line radiative transfer, working towards calculating radiative cooling rates
in 3D hydrodynamics models. We start from the radiative transfer theory in
Section 2.1, and then explore the numerical implementation in Section 2.2.
As radiative transfer is computationally expensive, we explain the standard
literature optimizations in Section 2.3. Finally, in Section 2.4, we explain the
features of the open-source radiative transfer code Magritte, which I have
further developed during my PhD.

2.1Radiative transfer theory

Prior to explaining how to numerically compute radiative transfer, we will
first explore the theory behind it. We start by explaining basic radiative
transfer theory in Section 2.1.1. Afterwards in Section 2.1.2, we specialize
the theory towards spectral line features, originating from atomic/molecular
energy transitions. Velocity differences (see Section 2.1.3) further complicate
the radiation field, as they separate the line features in frequency space, due to
Doppler shifts. In general, the energy state of atoms and molecules depends on
the local radiation field, which in turn depends on the energy state atoms and
molecules in the environment. Thus we will explore self-consistent line radiative
transfer in Section 2.1.4. We take a brief detour to explore another, potentially
more computationally efficient formulation of the radiative transfer equation
in Section 2.1.5. Finally, as we have described all prerequisite knowledge, we
can move our attention to applications of radiative transfer. We explain how
synthetic observations are used to connect theory to observation in Section 2.1.6.
Afterwards, we describe how radiative cooling works in Section 2.1.8.

11
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Figure 2.1: Illustration of the specific monochromatic intensity I, passing
through a material which can absorb and emit radiation. Figure adapted from
Fig. 11.1 of Hubený and Mihalas [2014].

2.1.1Basic equations of radiative transfer

Light travels in a straight line, increasing and decreasing in intensity depending
on the properties of the local medium. When light passes through a region, a
part of the photons is absorbed by the material inside that region. Conversely,
the material can also emit photons, increasing the intensity of the light.

Assuming no relativistic effects are present, the energy transport by radiation
is described by the following equation [Hubený and Mihalas, 2014]

∂I

∂t
+ n̂ · ∇I(t, n̂,x, ν) = η(n̂,x, ν)− χ(x, ν)I(t, n̂,x, ν) (2.1)

in which I[W sr−1 m−2 Hz−1] denotes the specific monochromatic intensity,
x[m] represents the position, ν[Hz] denotes the frequency, η[W sr−1 m−3 Hz−1]
represents the total emissivity and χ[m−1] corresponds to the total opacity. In
radiative transfer, many related, but slightly different quantities can be denoted
by the same terminology, which can cause confusion in notation. With the
specific monochromatic intensity, we mean the energy transported per unit of
time, which passes through a unit surface, for photons of a specific frequency
originating from a given angle (see Fig. 2.1). As the emissivity η can be
similarly confusing, we define it to be the energy emitted per unit time, in a
given direction, per unit volume, per photon frequency. Finally, the opacity is
the fraction of light absorbed per unit distance.

The timescale which light needs to travel throughout the AGB envelope is
significantly shorter than the timescale in which the AGB environment changes
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significantly. Therefore, we can assume a steady state for the radiation field,
reducing Eq. 2.1 to

n̂ · ∇I(n̂,x, ν) = η(n̂,x, ν)− χ(x, ν)I(n̂,x, ν). (2.2)

In general, the emissivity and opacity terms can consist of slowly varying
continuum contributions (such as black body radiation), scattering, which
absorbs and re-emits light in a different direction, based on some correlation
function and line contributions, the latter of which we will explain in Section 2.1.2.
The scattering of light in the AGB environment is mainly due to dust. Given that
we do not simulate dust formation in our current AGB hydrodynamics models,
we do also not implement scattering in our radiative transfer simulations.

In the simplest case, one can assume the medium to be in local thermodynamic
equilibrium (LTE). The source function S[W sr−1 m−2 Hz−1], is defined as

S(x, ν) = η(x, ν)
χ(x, ν) , (2.3)

is given by the Planck distribution B(T, ν)

B(T, ν) = 2hν3

c2
1

exp(hν/kbT )− 1 , (2.4)

in which h is the Planck constant, c is the speed of light and kb is the Boltzmann
constant.

If one knows the source function S, the intensity can be derived using the
formal solution of the time-independent 1D radiative transfer equation without
scattering [see e.g. Kunasz and Auer, 1988]

I(x, ν) = Ibdy(ν)e−τ(x,ν) +
∫ τ(x,ν)

0
S(t, ν)et−τ(x,ν)dt, (2.5)

in which Ibdy[W sr−1 m−2 Hz−1] is the boundary intensity and the optical
depth τ [.] is defined as

τ(x, ν) =
∫ x

0
χ(s, ν)ds. (2.6)

To gain more intuition in how equation 2.5 determines the intensity, we give a
simple example, using a uniform medium, with constant source function S for
all positions x and zero boundary intensity. The equation then simplifies to

I(x, ν) = S(ν)
(

1− e−τ(x,ν)
)

(2.7)
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Filling this in, we see that the source function S act as an upper bound for the
computed intensity. Furthermore, the optical depth τ how close the intensity
becomes to the source function. In optically thin regimes (τ << 1), the intensity
scales linearly with the optical depth τ , I ∼ Sτ . In optically thick regimes
(τ > 1), the intensity is very close to the source function, I ' S.

2.1.2Line radiative transfer

Lines are narrow intensity features in frequency space arising from transitions
between quantized electronic, vibrational, and rotational states of atoms and
molecules in the medium. In order to change the energy state of a molecule or
atom (as illustrated in Fig. 2.2), a photon will be absorbed or emitted, which
results in higher or lower energy state respectively. The frequency ν of the
photon, is given by Planck’s law:

∆E = hν, (2.8)

in which ∆E[J] is the energy difference and h = 6.63 ·10−34J Hz−1 is the Planck
constant. In quantum mechanics, the possible states of a molecule or atom are
discrete. Therefore the corresponding energy levels and transitions between
them are also discrete. This implies in turn that the frequencies of emitted and
absorbed photons should also be quantized.

If an object has a non-zero velocity with respect to an observer, the photon
frequency in the observer frame of reference will be different from their frequency
in the reference frame comoving with the emitting material. This phenomenon
is called Doppler shifting (see also Section 2.1.3). Because of thermal motions,
matter at any given position has a range of different velocities. Therefore,
an observer will see a wider band of frequencies originating from a single line
transition than just a single frequency. Another effect which can broaden the
line profile is called pressure broadening. Collisions with nearby particles can
ever so slightly perturb the energy state of molecules, which in turn impacts the
energy difference between energy levels and thus can broaden the line shape.
Finally, the Heisenberg uncertainty principle also predicts a variation in the
energy differences between level transitions, given that the time when a energy
transition happens is not deterministic. However, this last term is negligible in
all circumstances except in the coldest astrophysical regimes [Tennyson et al.,
2014].

In line radiative transfer, we must use a distribution for the frequencies at which
light can be absorbed and emitted, which we call the line profile function
φ. Depending on which broadening effects are included, its formula gets
more complicated [see Tennyson et al., 2014, for a comprehensive overview].
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AijBji Bij

ΔE = hν

Figure 2.2: Energy level transitions occur when absorbing/emitting a photon
at the correct frequency ν, corresponding to the energy difference ∆E. The
transition rates are governed by their respective Einstein coefficients.

Commonly used ones in astronomy are the Doppler/Gaussian profile, which
only considers turbulent broadening, and the Voigt profile, which also includes
pressure broadening. For this thesis, we stick to the simplest formulation, as
pressure broadening can be ignored in the AGB winds. The Gaussian line profile
function φij for a line transition i→ j used throughout this thesis is given by

φij(x, ν) = 1
δνij(x)

√
π

exp
[
− (ν − νij)2

δνij(x)2

]
. (2.9)

The line profile width δνij arises from the combined effects of thermal and
turbulent motions in the medium. It is given by

δνij(x) = νij
c

√
2kBT (x)
mspec

+ v2
turb(x), (2.10)

where kB[J K−1] represents Boltzmann’s constant, T [K] is the local gas
temperature, mspec[kg] is the gas species mass, and vturb[m s−1] is the turbulent
velocity. The last parameter signifies the turbulence which is not captured by
the used numerical discretization.

Given the line profile function φij , we can now define the emissivity ηij and
opacity χij for a single line transition ij of a species (where i denotes the
upper energy level and j denotes the lower energy level), which depend on the
populations of the energy levels ni(x)[m−3]. They are given by

ηij(x, ν) = hν

4πni(x)Aijφij(x, ν), (2.11)

χij(x, ν) = hν

4π (nj(x)Bji − ni(x)Bij)φij(x, ν), (2.12)

in which Aij , Bij , Bji are the Einstein coefficients, and respectively denote the
spontaneous emission, the induced emission and the photon absorption rates.
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The total emissivity η and opacity χ can be obtained by summing all individual
contributions.

Note that we have assumed the line profile functions φij of the emissivity and
opacity to have the exact same shape. For this, we have assumed complete
frequency redistribution; i.e. the frequency of emitted photons being unrelated
to the frequency of absorbed photons. This significantly simplifies solving the
resulting equations. It is possible to drop this assumption, see e.g. Paletou and
Peymirat [2021].

The more observant readers have noticed that Eq. 2.12 implies that the line
opacity χij can become negative, if the net induced emission rate niBij is
higher than the net absorption rate njBji. When this happens, we have a
maser1. This happens when the upper level ni of the line transition i → j is
overpopulated. The optical depth τ becomes negative, therefore the intensity
I increases exponentially, see the first term of equation 2.5. Masers have
been observed for various molecular species, including H2O [Nesterenok, 2013],
SiO [Yun and Park, 2012], OH [Field et al., 1994] and CO [McKee et al.,
1982]. Although one can model masers [see e.g. Yates et al., 1997, Gray et al.,
2018], an accurate treatment requires a significantly dense spatial and angular
resolution2. Given the additional computational constraints, we will not be
considering masers in this thesis. Aside from this, (near) maser-like conditions
can also cause numerical instabilities, as opacities χ nearing zero can cause large
variations in the source function S = η/χ, and in turn can result in a poorly
computed intensities. To prevent such instabilities, we impose a minimum value
for the frequency-integrated line opacity χij/φij and implement interpolation,
as explained in Section 3.4.5.

2.1.3Doppler shifts

Light can be blue- or red-shifted, depending on whether the source of the light
is moving towards or away from us. If we have an observer, looking in direction
n̂ and we define v to be the velocity of the observer relative to the emitting
object, then the observed frequency of light ν is related to the emitted frequency

1Which stands for Microwave Amplification by Stimulated Emission of Radiation. When
a photon with the correct frequency hits a material which has a population inversion, more
photons will be released at that frequency. This effect can cascade, generating a bright light.

2In order to see a significant increase in intensity, material in a large region in a straight
line towards the observer must have the same velocity towards the observer. Otherwise,
Doppler shifts will result in a limited negative optical depth.
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ν0 in the following manner,

ν = ν0

(
1 + n̂ · v

c

)
. (2.13)

In this equation, we have assumed non-relativistic velocities. In the AGB
outflows, which is a relatively slow environment3, the winds have terminal
velocities on the order of 10 km/s. This results in a change in frequency due
to Doppler shifts on the order of (ν − ν0)/ν0 ' 10−5. This seems insignificant,
until we realize that emission and absorption lines may have a relative line
widths δνij/νij on the order4 of 10−6. Therefore, when calculating line radiative
transfer over an AGB model, the frequency of light emitted by a line transition
may be shifted over multiple line widths when travelling through the stellar
wind.

2.1.4NLTE

The emissivities and opacities, as shown in equations (2.11) and (2.12), depend
on the level populations ni. In the assumption of Local Thermodynamic
Equilibrium (LTE), these are fully determined by the local gas temperature
using the Boltzmann distribution:

ni
nj

= gi
gj

exp
[
−∆E
kbT

]
, (2.14)

in which gi is the multiplicity of the corresponding energy level, as different
quantum configurations can lead to the same energy state. Finally, ∆E is
the energy difference. However, this assumption is only valid in case of high
densities, and high optical depths, such that the energy level distribution is
fully determined by particle collisions. In this case, the radiation field is fully
described by Planck distribution B(T, ν). In absence of this assumption, we have
non- Local Thermodynamic Equilibrium (NLTE), in which the level populations
ni depend on the local radiation field, which can no longer be assumed to
be given by B(T, ν). The relation between the radiation field and the level

3In the sense that the velocity is many orders of magnitude lower than the speed of light,
and thus we do not need to take into account any relativistic effects.

4Taking the CO molecule as an example, and filling in a temperature of 500K in Eq. 4.19,
we get δνij/νij ' 4 · 10−6, when assuming vturb = 0.
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populations is given by the statistical equilibrium equations:

∂ni
∂t

=
∑
j<i

(niAij − (njBji − niBij)Jij)

−
∑
j>i

(njAji − (niBij − njBji)Jij)

+
N∑
j=1

(niCij − njCji) , (2.15)

where N is the number of energy levels considered, Cij [s−1] denotes the
temperature-dependent collisional rates and Jij is the mean line intensity
corresponding to line transition ij:

Jij(x) = 1
4π

∮
Ω

∫ +∞

0
I(n̂,x, ν)φij(ν)dΩdν, (2.16)

which represents a weighted average of the intensity over the frequency ν[Hz],
integrated across the solid angle Ω[sr]. To solve the statistical equilibrium
equations (Eq. 2.15), we assume a steady state solution. This is valid for AGB
outflows, as the timescale which light needs to travel throughout the AGB
outflow (∼ 10 mins per AU), is significantly shorter than shortest relevant
hydrodynamics timescale, which for AGB stars is the pulsation period (order
of 100 days). Note that this argument does not hold for more explosive events
such as supernovae. We can therefore assume

∂ni
∂t

= 0. (2.17)

As the resulting system of equations is linearly dependent, we replace the last
equation by the physical requirement that the sum of all level populations ni
must be equal to the species’ abundance ρ[m−3]. The equation for the last level
population in Eq. 2.15 is therefore replaced by

N∑
i=1

ni(x) = ρ(x). (2.18)

in which ρ[m−3] is the number density of the atomic/molecular species.

From these equations, we see that the level populations depend on the radiation
field, which itself depends on the level populations ni. Thus to obtain a self-
consistent radiation field, one can solve these equations iteratively, obtaining an
iterative procedure called Λ-iteration. Λ-iteration starts by assuming an initial
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distribution for the level populations ni, for example assuming LTE. Then
we compute the intensity field, and use the statistical equilibrium equation to
obtain new values for the level populations ni. This loop repeats until the level
populations converge. Note that this Λ-iteration procedure converges slowly
[van Zadelhoff et al., 2002]. A numerical improvement to this method can be
found in Section 2.3.1.

2.1.5Comoving frame radiative transfer

In stellar outflows, non-zero velocity gradients are present. Therefore these
reference frames are shifted in frequency space with respect to each other.
Gluing them together for an entire astrophysical environment, we obtain a non-
inertial frame, called the comoving frame. We thus need to evaluate emissivities
and opacities in this frame. For this, we can Doppler shift the frequency at
which we evaluate these quantities and apply appropriate transformations [See
Appendix B of Hubený and Mihalas, 2014] to be able to evaluate them in the
inertial observer frame. Note that in a non-relativistic scenario, we can limit
ourselves to only transforming the evaluation frequency, as the relative change
in the other quantities (I, η and χ) depend on v/c. Another option is to write
the standard radiative transfer equation (Eq. 2.2) in the comoving frame. In
general, this translation requires a Lorentz transformation, though if we limit
ourselves to non-relativistic velocities, we can explain the resulting equation
only using Doppler shifts. The comoving frame version of the radiative transfer
equation [Eq. 19.156 from Hubený and Mihalas, 2014, modified from 1D sperical
geometry to a ray] is given by

∂I(x, νc)
∂x

− νc
c

(
∂v
∂x

)
∂I(x, νc)

∂ν
= η(x, νc)− χ(x, νc)I(x, νc). (2.19)

For convenience, we denote the comoving frame frequency in this section with
νc. If we ignore which frame we are using, Eq. 2.19 looks exactly like the
standard radiative transfer equation, except for the extra term ν

c

(
∂v
∂x

) ∂I(x,νc)
∂ν

on the left hand side. When using the comoving frame, we continuously change
which observer frame frequency we are using. This corresponds to adding a
term dν

dx
∂I
∂ν to the observer frame equation, in order to change which frequency

we are using to evaluate the intensity. Filling in dν
dx using the Doppler shift (see

Eq. 2.13), we obtain the aforementioned extra term.

The comoving frame radiative transfer equation is more complex than the
observer frame version, but still used in the literature [see e.g. Hauschildt, 1992,
Castor, 2004]. The main computational advantage of this method is found
when evaluating the mean line intensity Jij (Eq. 4.20) for computing NLTE
line radiative transfer. As the line profile function φij has a limited range of
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influence in frequency space, we can limit our computations to only compute
intensities at the relevant frequencies, located around the line center. Due to
Doppler shifts, this frequency changes in the observer frame as the velocity
(projected to the line of sight) changes. Therefore, using the comoving frame
formulation allows us to save computation time by only evaluating the intensity
at relevant frequencies, close to the line centers.

For discretizing this equation, the previous works treat the position as space-like
variable and the frequency as time-like variable5, in order to overcome stability
issues. The stability criterion described in Castor [2004] when using the position
as a time-like variable instead, is given by

∆x |∂v/∂x|
c

ν

∆ν < 1, (2.20)

in which ∆ν denotes the frequency spacing. A stability criterion denotes in
which parameter regime a discretization of an equation is numerically stable,
i.e. where any errors in the solution get damped. When computing detailed
line radiative transfer (in which case ∆ν/ν is small), this stability criterion can
indeed be violated. However, using frequency as time-like variable restricts the
method to using monotonic velocity fields. In Baron and Hauschildt [2004],
Hauschildt and Baron [2004], the authors proposed a different solution method,
using position as time-like variable, which also allows for a non-monotonic
velocity field. Although their solution method can be applied to models with a
non-monotonic velocity field, it may encounter numerical instabilities [see e.g.
Sampoorna and Nagendra, 2016, Hauschildt and Baron, 2004] in case of Doppler
shifts larger than the spacing of the utilized frequency discretization. However,
the comoving formulation of the radiative transfer equation offers a significant
computational speedup for computing the intensity field for line radiative
transfer. The computation time for calculating mean line intensities using long
characteristics (see Section 2.2.1) scales with O(N4/3

points) in a 3D model6. This
scaling can be reduced to O(Npoints) using the comoving formulation.

2.1.6Synthetic observations

In the previous sections, we have described the physics concerning the transport
of radiation. Now the question remains, what can we learn by simulating light?
As mentioned in Section 1.3.3, many different types of astronomical observables
exist, mostly based on the observation of light. Simulating radiative transfer
allows us to create a synthetic observable from a model of an astrophysical

5Thus for each frequency, they solve the equation for all positions at once.
6For every position, long characteristics needs to trace a seperate ray, which has an average

length of O(N1/3
points).
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Figure 2.3: Extract from an ALMA observed spectrum of the AGB star IK Tau.
The text explains which molecule causes a specific feature. As an example, the
CO J = 3 − 2 line transition is found around 345.8 GHz. Figure taken from
Decin et al. [2018].

object. This can then be compared with actual observations in order to try to
model the astrophysical environment, which helps us understand what physics
and chemistry take place.

For stellar environments, a particularly interesting observable are spectra (see
Fig. 2.3). Spectra count the total intensity arriving from an object at narrowly
spaced frequency bins. As stated in Section 2.1.2, atoms and molecules absorb
and emit light in specific, narrow frequency bands. The presence of such
lines then indicates whether a chemical species is present. From the height
of the lines and ratios between these heights, one can derive temperatures
and densities for the corresponding species. Furthermore, from the width and
specific shape of these lines, one can infer a velocity distribution, because the
Doppler shifts modify the frequency of light, depending on the velocity of the
emitting matter. By modeling the environment using line spectra, one can
obtain physical parameters of the stellar environment, including mass loss rates
[Decin et al., 2006], and molecular abundances [Danilovich et al., 2014].

Another observable of interest to this thesis, are channel maps (see Fig. 2.4).
Channel maps are similar to line profiles, but instead obtaining a single spectrum
for an entire object, we have a 2D image for each frequency bin. This gives us
almost a 3D view of the astronomical object, as the frequency distribution at
each pixel can translated to a velocity distribution7. Therefore, by using channel

7To furthermore translate the velocity to a position, assumptions need to be made on the
velocity field of the astronomical object.
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Figure 2.4: Channel map of the CO J=2-1 v=0 line emission from the star IRC-
10529, observed using ALMA. The dot on the bottom left gives an indication of
the angular resolution. Figure taken from Gottlieb et al. [2022].

maps, we can model the 3D structure of the AGB environment [Coenegrachts
et al., 2023, Van de Sande et al., 2024].

2.1.7Converting intensities to observables

Telescopes observe objects very far away. How sensitive they are to light
originating from different directions is given by the beam response function
G. For single dish telescopes, the beam response function is maximal in the
direction at which these instruments point, but it quickly falls off for slightly
different angles. For objects which are not just a point source, the total flux F (ν)
observed by a telescope is therefore not just a summation over the intensities,
but needs a varying weighting for the different angles. The observed flux F by
a single dish telescope is therefore given by [Eq. 6 in Schoenberg, 1988]

F (ν) =
∫ π/2

−π/2

∫ 2π

0
I(ν, θ, φ)G(θ, φ) cos(θ) sin(θ)dφdθ, (2.21)
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in which the cos(θ) arises from the difference between the intensity direction and
the flux direction and we integrate over half of the solid angle8, and take into
account the angle θ between telescope pointing direction and the current part we
are integrating over. The beam response function G is typically approximated
by a Gaussian, normalized at 1 in the center,

G(θ, φ) = e
−

(
θ

σ/(2
√
ln(2))

)2

, (2.22)

in which σ is the full width at half maximum (FWHM), (twice) the angle at
which only half of the response remains. For a single dish instrument, the
FWHM is linearly proportional to the measured wavelength, divided by the
diameter D of the dish

σ ∼ λ

D
. (2.23)

The FWHM is directly related to the minimum angular distance at which one
can differentiate between objects, and thus determines the resolution of an
observation. To obtain higher angular resolution observations, one can observe
with interferometers, such as ALMA, given that their FWHM depends on the
measured wavelength, divided by the baseline B, which is the distance between
individual dishes,

σ ∼ λ

B
. (2.24)

2.1.8Impact on hydrodynamics and chemistry

As stated in the Section 1.3.3, light is not only the messenger of physics hap-
pening in faraway objects, but it also actively participates. Radiative pressure
impacts the momentum in hydrodynamics, while radiative heating/cooling
impacts the temperature, which is used in both hydrodynamics and chemistry.
Finally, high-energy photons can impact the chemistry.

Radiative pressure

Light carries a momentum with magnitude hν/c. If light gets absorbed, its
momentum gets transferred to the absorbing material. The reverse happens

8No light enters the telescope from behind, so we can maximally integrate over half of the
solid angle. Note that the beam response function G is only relevant in a fraction of this
angle.
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when matter emits light. The total photon momentum flux M is given by
[based on Eq. 3.67 from Hubený and Mihalas, 2014]

M = 1
c

∫ ∞
0

∮
Ω

n̂I(x, ν, n̂)dΩdν. (2.25)

From this, we see that a net flux arises when there is an imbalance in the
intensity coming from different directions. In a stellar environment, the main
source of radiation is the star. Thus the absorption of radiation will attempt
to push matter away from the star. However, evaluating the intensity field
I, is expensive, when compared to a typical hydrodynamics simulation step.
Thus several prescriptions have been made to evaluate it efficiently [see e.g.
Esseldeurs et al., 2023].

Radiative cooling

Radiation transport impacts the energy balance, as photons contain energy hν.
Thus, when matter emits radiation, it loses energy, and thus cools. Similarly,
matter absorbing radiation heats up. By calculating the difference between
how much energy is emitted and absorbed, we obtain the net cooling rate Λ
[Carlsson and Leenaarts, 2012]:

Λ =
∫
χ(x, ν)(S(x, ν)− I(n̂,x, ν))dνdΩ. (2.26)

In this equation, we integrate the difference between emitted and absorbed
intensity over the entire solid angle and frequency spectrum. For line radiative
transfer, we can instead look at the energy rate required for the collisional
transitions to sustain the current energy state [Sahai, 1990]:

Λ =
∑

transitions J=ij
(njCji − niCij)hνij . (2.27)

For NLTE line radiative transfer, we prefer the latter formulation, as we do not
need to discretize the integral in Eq. 2.26. Furthermore, cancellation errors can
occur in the former in optically thick regions, which are nearly in LTE, such
that I ' S, but not exactly. During testing, we found Eq. 2.27 to produce more
reliable results. For obtaining accurate cooling rates, we must calculate the
radiation field and corresponding level populations self-consistently. Therefore,
in the next part (Section 2.2), we explore how to practically compute NLTE
line radiative transfer.
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Photochemistry

AGB stars are relatively cool, with effective temperatures9 ranging from around
2000 K to 3000 K [Bladh et al., 2019]. They therefore do not produce significant
amounts of ultraviolet (UV) radiation. Any high-energy photons in the AGB
environment originate instead from the ISM. These UV photons can interact
with the gas and dust chemistry in the AGB outflow [Van de Sande et al.,
2020]. They can dissociate molecules and impact the composition of dust
which gets deposited in the ISM. For example, CO molecules get dissociated
on the outside of the stellar wind. The dissociation rate drops exponentially
with the encountered optical depth, as it is proportional to the UV intensity,
which drops as exp(−τ), assuming no source of UV photons is present in the
outflow. Therefore, thanks to the high abundance of CO in the outflow, the
CO in the inner layers gets shielded from UV radiation by the CO in the outer
layers [Groenewegen, 2017]10. Given its impact on the molecular abundances,
radiative transfer is required to accurately simulate the chemistry in the AGB
environment.

2.2Numerical radiative transfer

In this section, we will explain how to numerically solve radiative transfer.
We start by giving an overview of the most commonly used radiative transfer
methods in Section 2.2.1. In general, most methods are based on a discretization
of the formal solution, which is explained in Section 2.2.2. Afterwards, we explain
another approach to solve the radiative transfer equation: the Feautrier method
(see Section 2.2.3).

2.2.1Radiative transfer solution methods

Many variations exist both in the details of the radiation transport physics we
can try to simulate and on how to solve the resulting equations. In this section,
we will give a brief overview of the most popular solution methods, and give
examples of simulation codes which use them.

9In astronomy, the effective temperature of a star is defined as the temperature of a black
body with the same luminosity. This black-body spectrum gets further modified by material
in higher layers of the star.

10The self-shielding is applicable as long as no significant variation in velocity exists
throughout the envelope. Doppler shifts significantly reduce the frequency-dependent optical
depth, and thus increase how far UV photons can penetrate.
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The main result computed by most radiative transfer simulations, is an intensity-
like quantity or a quantity which can be derived from this. The possible
quantities range from the specific intensity, depending on direction, position,
and frequency11, to more averaged out quantities, which integrate out their
frequency and/or angle dependence. The choice of which to use depends on the
considered physics and required computational demands.

Long characteristics

We start by explaining long characteristics, a spatial discretization for the
radiative transfer equation, which can be used in both the Feautrier and formal
solution type methods. In long characteristics, to compute an intensity, you
trace a ray through each position, in each desired direction, until you hit the
model boundary. The ray then discretizes the medium through which a photon
flies, when traveling to that position in the given direction. The main upside of
this discretization is its accuracy, as it simulates the physics along the exact
path which light follows. The main downside is the computation time required
to compute the intensity field, as it scales proportionally to the number of model
points, times the average length of a ray, as we are required to compute the
intensity along the entire ray. The long characteristics method has been used
for example in Magritte [De Ceuster et al., 2022] and CO5BOLD [Freytag
et al., 2012].

Short characteristics

In contrast, short characteristics traces rays for each individual point up until
the next spatial position. The resulting segments are stitched together in order
to compute intensities12. It is therefore only applicable to formal solution
type methods. One starts by computing the intensity at positions directly
next to the model boundary. These intensities can subsequently be used as
initial condition for computing the intensity at nearby positions. This repeats
until the intensity for a given direction has been computed in the entire model.
The main advantage, when compared to long characteristics, is the increase of
computational efficiency, as we only need to compute the intensity for a given
position once (per direction). The main downside of this method is that the
intensity is dispersive. A beam of intensity originating from a small source can
become wider, due to the interpolations required during computation [de Vicente

11Time can also be included if using time-dependent radiative transfer.
12The segments might not line up exactly, thus interpolation is required.
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et al., 2021], see Fig. 2.5. Short characteristics has been used in e.g. PORTA
[Štěpán and Bueno, 2013] and ANTARES [Kostogryz et al., 2021].

Moment method

Often, one is not particularly interested in the specific intensity, but one only
requires averages, integrated over the solid angle and possibly the frequency
spectrum, because these averages determine the energy and momentum
transport. The first three angular moments are the mean intensity J , the
intensity flux H, and the tensor K [see Eqs. 4.9 to 4.11 from Castor, 2004]:

J(x, ν) = 1
4π

∮
Ω
I(n̂,x, ν)dΩ (2.28)

H(x, ν) = 1
4π

∮
Ω

n̂I(n̂,x, ν)dΩ (2.29)

K(x, ν) = 1
4π

∮
Ω

n̂n̂I(n̂,x, ν)dΩ. (2.30)

Such integrated quantities can for example be used to calculate the radiation
momentum (Eq. 2.25) and radiative cooling (Eq. 2.26). To save computation
time, one can drastically reduce the number of equations to solve by integrating
the standard radiative transfer equation over the solid angle and the entire
frequency range. This results in a new equation,∫ ∞

0

∮
Ω

n̂ · ∇I(n̂, x, ν)dΩdν =
∫ ∞

0

∮
Ω
η(x, ν)− χ(x, ν)I(n̂, x, ν)dΩdν (2.31)

which contains (the divergence of) the first moment of the intensity ∇ · F =∮
Ω n̂ · ∇IdΩ on the left hand side and the zeroth moment of the intensity
J =

∮
Ω IdΩ on the right hand side. Any higher order moment can be obtained

by multiplying both sides with an extra direction vector n̂ before integrating.
Doing so results in an equation with an (n + 1)-th moment of the intensity
on the left hand side and an n-th moment of the intensity on the right hand
side. To solve the resulting system of equations, we require a closure relation,
an assumption which relates the n-th moment of the intensity to the lower
order moments. With this significant reduction in parameter space, radiation
transport can be evaluated sufficiently fast, in order to be used on the fly
in radiation-hydrodynamics (RHD) simulations. The main downside of this
method, is that the obtained solution may depend on which closure relation is
used [Menon et al., 2022], as a local approximation may not capture asymmetries
in the radiation field. In contrast, a closure relation using non-local information,
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Figure 2.5: Illustration of the differences between short and long characteristics.
Short charateristics requires interpolation to compute the intensity I at each
grid point, while long characteristics requires a unique ray for each position.
Figure modified from de Vicente et al. [2021].

will be more expensive to evaluate, as it requires an estimate of the (angle-
dependent) radiation field. The moment method has mainly been used in RHD
simulations, such as RAMSES-RT [Rosdahl et al., 2013] and the flux-limited
diffusion module in MPI-AMRVAC [Moens et al., 2022].

Monte Carlo radiative transfer

Light can be interpreted both as a wave or as particles. Instead of computing
the energy flux, one can simulate the motion of packets of photons. As the
underlying physics is the same, most equations can be reused to simulate the
photons. However, we have one key difference, photons are discrete. Thus they
get absorbed and emitted in entirety. Photons have a chance to get absorbed and
possibly re-emitted when encountering matter. This reveals the probabilistic
nature of Monte Carlo radiative transfer. By simulating large quantities of
photons, one can obtain an accurate statistical approximation for the radiation
field. The main advantage is that Monte Carlo radiative transfer naturally
accomodates photon scattering. The main disadvantage is that photons are
unlikely to successfully traverse high optical depth regimes [Camps and Baes,
2018], skewing computed results. Furthermore, statistical noise is inherent to
this method, which makes it harder to quantify convergence of a simulation
and hinders the use of typical acceleration of convergence methods for NLTE
radiative transfer, as detailed in Section 2.3. Examples of codes using this
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method are SKIRT [Baes and Camps, 2015] and RADMC3D [Dullemond
et al., 2012].

Emulation

More recently, neural networks gained traction in physics simulations, promising
significant computational advantages. In this approach one replaces existing
numerical calculations with evaluating a black-box function, which has been
trained to mimic the behavior of given training data, obtained from previous
simulations. As radiative transfer can be computationally expensive to simulate,
generating sufficient training data can be prohibitively expensive. Once the
neural network is trained, however, one can bypass the computationally
expensive simulation, replacing it with evaluations of the fitted function.
Emulation of radiative transfer has been applied to a wide variety of astrophysical
environments, including protoplanetary discs [Kaeufer et al., 2023], AGB
outflows [Su et al., 2025], stellar atmospheres [Chappell and Pereira, 2021], and
the Earth atmosphere [Lagerquist et al., 2021].

PINNS

Instead of relying on training data to fit a general black-box function, as done in
emulation, one can use the same machine learning framework to fit the equations
describing the physics, using Physics Informed Neural Networks (PINNs) [Raissi
et al., 2019]. The main advantage of this method is that it is relatively easy to
implement, as we only need to be able to evaluate the residual of the discretized
radiative transfer equation13, using output from a neural network architecture.
However, it is not necessarily cheaper to use PINNS to fit a solution than to
use regular numerical methods [Chen et al., 2022].

Retrieval modeling

In the previous parts, we focused on how to convert a numerical simulation of an
AGB star to a synthetic observation, using radiative transfer simulations. What
we often want to know is what physics is happening in a faraway object, based
on an observation. Thus we want to be able to convert an observation to a model
of the corresponding physical environment. This is the idea behind retrieval
modeling. Typically, an observer parametrizes a model, creates synthetic

13The residual is defined as the difference between both sides of an equation and gives an
answer for how bad a guess for the solution agrees with the physics.
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observations using a radiative transfer code, and tweaks the model parameters
such that it fits the observation14. However, this procedure requires a significant
amount of effort and intuition, as the observer first needs to understand how
the physical environment looks like, based on the observation, before being able
to define the parameterized model.

Recently, progress has been made to reduce the manual effort required for
retrieval modeling. By discretizing the entire model space, one no longer needs
to manually describe any features of the physical environment. If one has access
to a differentiable radiative transfer model, one can apply gradient descend
to find the optimal parameters, as done in [De Ceuster et al., 2024]. Both
retrieval modeling and NLTE radiative transfer involve iterative computations.
By simultaneously fitting an observation and doing the NLTE iterations, one
can optimize retrieval modeling [Štěpán et al., 2022].

2.2.2The formal solution

To numerically solve the radiative transfer equation, many radiative transfer
codes [see e.g. Ramos and Bueno, 2006, Štěpán and Bueno, 2013, Hauschildt
and Baron, 2014, Tessore et al., 2021] use a solver based on the formal solution
[see e.g. Kunasz and Auer, 1988]. Starting from Eq. 2.2, we divide both side by
the opacity χ, obtaining

∂I(x, ν)
∂τ

= S(x, ν)− I(x, ν). (2.32)

We can rewrite this equation by multiplying both sides with eτ(x,ν) and moving
the intensity term to the left, such that

∂
(
eτ(x,ν)I(x, ν)

)
∂τ

= eτ(x,ν) ∂I(x, ν)
∂τ

+ eτ(x,ν)I(x, ν) = eτ(x,ν)S(x, ν). (2.33)

By integrating, we obtain the formal solution for the intensity I,

I(x, ν) = Ibdy(ν)e−τ(x,ν) +
∫ τ(x,ν)

0
S(t, ν)et−τ(x,ν)dt, (2.34)

in which Ibdy is the boundary intensity and τ is the optical depth. We discretize
this equation by defining distinct points xd ∈ 1, . . . , N , in which we define x1
to be the point at which we want to compute the intensity and xN the end
(boundary) point of the computation. For convenience, we write down the
intensity contribution ∆Id for each segment [τ(xd, ν), τ(xd+1, ν)] of the integral

14This is often based on a statistical distance measure, such that it can be automated.
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individually. Using a first order accurate discretization15 for the source function
S, we obtain

∆Id(ν) =
(
Sd
e−∆τd − 1 + ∆τd

∆τd
+ Sd+1

1− e−∆τd −∆τe−∆τd

∆τd

)
e−τd , (2.35)

in which τd =
∫ xd
x1
χ(x, ν)dx is the optical depth from x1 to xd, ∆τd = τd+1− τd

is the optical depth increment of the current segment and Sd = S(xd, ν) is the
source function evaluated at xd. The integral for the optical depth τ can be
evaluated using the trapezoidal rule, or using a semi-analytic approach as in
Section 3.4.3. Finally, the intensity contribution ∆Ibdy given by the boundary
condition is simply

∆Ibdy = Ibdy(xN , ν)e−τN , (2.36)

in which Ibdy is the intensity given by the boundary condition. The total
intensity is then obtained by summing over the contributions of all segments
∆Ii for i ∈ 1, . . . , N − 1 and the boundary contribution ∆Ibdy.

2.2.3The Feautrier method

The Feautrier method has originally been described in [Feautrier, 1964]. For this
method, one first defines the mean-intensity-like quantity u[W sr−1m−2Hz−1]
along the ray as

u = I(n̂, x, ν) + I(−n̂, x, ν)
2 , (2.37)

which averages the intensity in two opposite directions. Similarly, we define the
flux-like quantity v[W sr−1m−2Hz−1] along the ray

v = I(n̂, x, ν)− I(−n̂, x, ν)
2 . (2.38)

Using these, and the source function S[W sr−1 m−2 Hz−1]

S(x, ν) = η(x, ν)
χ(x, ν) , (2.39)

15Higher order accurate discretizations are possible, but require caution during
implementation, as the spacing τd can be highly irregular due to Doppler shifts interacting
with line profiles.
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Eq. 2.2 can be rewritten in two first order equations

du(x, ν)
dτ

= −v (2.40)

dv(x, ν)
dτ

= S − u (2.41)

Combining these equations, the second order equation can be obtained,

u(x, ν)− d2u(x, ν)
dτ2 = S(x, ν). (2.42)

The discretization of this equation, using distinct spatial positions xd, d ∈
[1, . . . , N ] and a given frequency bin ν, is given by

−Adud−1 +Bdud − Cdud+1 = Sd, (2.43)

where

Ad = 2
∆τd−1(∆τd−1 + ∆τd)

, (2.44)

Bd = 1 + 2
∆τd−1∆τd

, (2.45)

Cd = 2
∆τd(∆τd−1 + ∆τd)

, (2.46)

Sd = S(xd, ν) and ∆τd = τ(xd+1, ν)−τ(xd, ν). Second-order accurate boundary
conditions are given by setting the appropriate matrix coefficients, obtained by
creating a Taylor expansion around x = x1,

u2 = u1 + ∆τ1
du(x, ν)
dτ

∣∣∣∣
x=x1

+ 1
2∆τ2

1
d2u(x, ν)
dτ2

∣∣∣∣
x=x1

(2.47)

and replacing the derivatives using Eqs. 2.40, 2.42 and filling in the boundary
condition I(x1, ν) = u1 − v1 = I1

du(x, ν)
dτ

∣∣∣∣
x=x1

= u1 − I1,
d2u(x, ν)
dτ2

∣∣∣∣
x=x1

= u1 − S1 (2.48)

We obtain

u2 = u1

(
1 + ∆τ1 + ∆τ2

1
2

)
−∆τ1I+

1 −
∆τ2

1
2 S1 (2.49)
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Dividing by ∆τ2
1 /2, and a slight rewrite later, we obtain a formula similar to

the Feautrier discretization (Eq. 2.43)

u(x1, ν)
(

1 + 2
∆τ1

+ 2
∆τ2

1

)
− 2

∆τ2
1
u2 = S1 + 2

∆τ1
I1. (2.50)

The same procedure can be repeated for the other boundary condition on the
ray. The boundary conditions can be enforced by setting

B1 = 1 + 2
∆τ1

+ 2
∆τ2

1
(2.51)

C1 = 2
∆τ2

1
(2.52)

AN = 2
∆τ2

N−1
(2.53)

BN = 1 + 2
∆τN−1

+ 2
∆τ2

N−1
(2.54)

and adding an extra term to the source function at the first and last point,

S1 → S1 + 2
∆τ1

I1, (2.55)

SN → SN + 2
∆τN−1

IN−1. (2.56)

In these equations, I1 and IN−1 are respectively the boundary intensity at the
lower and upper end of the ray. Together, these discretized equations form a
matrix-vector equation used for calculating the mean intensities ud.

2.3Acceleration of convergence methods

NLTE line radiative transfer is computationally expensive. Especially when
applied to the large 3D models which originate from hydrodynamics simulations.
In NLTE radiative transfer, we calculate both the radiation field and the energy
state of the medium in a self-consistent way. We typically employ an iterative
method for this, calculating successive estimates for the for the level populations
ni, until convergence is reached. However, every iteration in NLTE line radiative
transfer is computationally expensive. Therefore, we want to do as few iterations
as possible before model convergence is reached. Throughout the literature,
several standard optimization procedures for NLTE radiative transfer have been
devised for increasing the convergence rate. In this section, we explain those
relevant to this thesis.
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2.3.1ALI

In optically thick regimes, NLTE line radiative transfer converges slowly [see e.g.
van Zadelhoff et al., 2002] when naively iterating based on previously computed
values of the source function. This process is Lambda iteration:

Jij = Λ(S), (2.57)

in which Λ abstracts away all computations needed to calculate the intensity
field based on the source function16. To improve upon this, you can apply an
operator-splitting technique, separating the local and non-local contributions to
the intensity field.

Jij = (Λ− Λ∗)(S) + Λ∗(S) (2.58)

in which Λ∗ is the local contribution to the Λ operator. This is the basic idea
behind Accelerated Lambda Iteration (ALI) (see Rybicki and Hummer [1991]).
In this thesis, we only include the diagonal terms of Λ in Λ∗, as this leads to
a block-diagonal matrix when solving statistical equilibrium equation, see Eq.
2.63, which is computationally advantageous. Including non-local contributions
from other positions introduces extra terms coupling the different positions.
When solving the radiative transfer equation, we note down how much the
radiation field depends on the local source function,

Jij(x) = l∗ij(x) · Sij(x) + . . . , (2.59)

in which l∗ij is the relative contribution of the source function to the mean
line intensity. This fraction l∗ij can be calculated by inspecting the numerical
discretization used when computing an intensity. We explain how to obtain l∗ij
both for the Feautrier method and the formal solution. In the Feautrier method,
when computing the mean intensity u, we obtain a matrix equation of the form

Au = S (2.60)

in which A is a tridiagonal matrix17, u is the vector of mean-like intensities and
S is a vector of source function. From this matrix equation, we see that the
source function S can be written as a linear combination of the mean intensity
u, using coefficients in A. Similarly, u can be written as a linear combination

16Note that some definitions might start from the level populations instead. I prefer the
source function variation, as we can then formulate ALI as: this fraction of the intensity
which is produced by the local source function.

17Except for the top and bottom row, which are discretized using a second order accurate
boundary condition, and thus contain an extra element.
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of the source function S, using the coefficients A−1. In practice, we only want
the contributions to the mean line intensity Jij at position x. Therefore, we
are satisfied with computing the i-th row of A−1, in which i corresponds to the
index corresponding to position x. Thus we can solve lTA = eTi or equivalently,
AT l = ei, in which ei is a vector containing only zeros, except for a single 1 at
index i18. The solution vector l will then contain the dependence of Jij(x) on
the source functions at each discretized position. We have now obtained the
contribution of the source function S to mean line intensity Jij in a specific
direction, at a specific frequency, which we denote with l∗ij(n̂,x, ν)19.

For the formal solution, we can directly derive l∗ij from the discretization itself,
as the intensity is already written as a linear combination of source functions.
For example, using the first-order accurate discretization (Eq. 2.35), using a
local approximated lambda operator, l∗ij(n̂,x, ν) is given by

l∗ij(n̂,x, ν) = e−∆τ − 1 + ∆τ
∆τ , (2.61)

in which ∆τ is the optical depth increment from the considered point to the
next spatial position. This is given by the first term of Eq. 2.35.

After we have computed l∗ij(n̂, ν) for all discretized frequencies and angles, all
that remains is numerically integrating the obtained values for l∗ij , in a similar
manner to computing Jij from I(n̂,x, ν)

l∗ij(x) = 1
4π

∮ ∫
l∗ij(n̂,x, ν)φij(x, ν)dνdΩ (2.62)

This value can then be filled in into the statistical equilibrium equations (Eq.
2.15), obtaining

∂ni
∂t

=
∑
j<i

(
(1− l∗ij)niAij − (njBji − niBij)Jij,eff

)
−
∑
j>i

(
(1− l∗ij)njAji − (niBij − njBji)Jij,eff

)

+
N∑
j=1

(niCij − njCji) , (2.63)

18If you already happen to have computed a matrix decomposition of A when computing
the mean-like intensity u, you should reuse it in this step for computational efficiency.

19The Feautrier method computes a mean intensity. Do not forget to assign the computed
value l∗ij(n̂,x, ν) to both directions n̂ and −n̂.



36 INTRODUCTION

in which we have defined the effective mean line intensity Jij,eff(x) = Jij(x)−
l∗ij(x) · Sij(x). In this way, ALI effectively reduces the coefficients, reducing the
condition number of the resulting matrix equation.

2.3.2Ng acceleration

Computing NLTE radiative transfer is an iterative process. By observing the
change of the level populations over the different iterations, we can try to
predict the final converged result. In radiative transfer, this is done using
Ng-acceleration [Ng, 1974]. In the mathematics literature, this method is
categorized under acceleration-of-convergence techniques, and has many related
variants (see e.g. Sidi [2020]), using different assumptions on the convergence
behavior in order to reduce the number of required iterations. For example,
Ng-acceleration assumes that the convergence behavior is linear, which is true
in the neighborhood of the solution for NLTE radiative transfer.

Ng-acceleration assumes that the converged level populations n? can be written
as linear combination of the N last iterates,

n? =
N∑
n=1

cn n−n, (2.64)

where we used negative indices to denote the previously computed level
populations. To ensure that the total level populations remain conserved
in the prediction, we require the coefficients cn to sum to one, i.e. cT1 = 1,
where 1 is a vector of ones. The goal is now to find the coefficients, cn, such
that n? is the “optimal prediction” in some sense for the fixed-point of the
iterative process that we are interested in. We abstract the entire iteration
NLTE step by defining the operator Λ, which given initial level populations,
computes the level populations in the next iterate. At the fixed point n∗,

n∗ = Λ[n∗]. (2.65)

In non-LTE line transfer, this fixed point corresponds to the level populations
that are self-consistent with the radiation field, given that the radiation field we
calculate from them gives the fixed point level populations back when applying
the statistical equilibrium equations. Using this formalism, we can define the
optimal coefficients, cn, as the solution of the following constraint minimisation
problem,

c = argmin
c: cT1=1

{∥∥n∗ − Λ[n∗]
∥∥2
}

(2.66)
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In words, we want the fixed-point equation (2.65) to be satisfied as closely as
possible, given the constraint cT1 = 1. In order to solve this problem, we need
to assume that the Λ-operator is linear. Although, in general, this assumption
will not hold, it will hold approximately near the fixed-point, which is the
region we are interested in anyway. Assuming linearity of the Λ-operator and
substituting equation (2.64), yields,

c = argmin
c: cT1=1


∥∥∥∥∥
N∑
n=1

cn n−n −
N∑
n=1

cn Λ[n−n]
∥∥∥∥∥

2 , (2.67)

= argmin
c: cT1=1


∥∥∥∥∥
N∑
n=1

cn
(
n−n − n−n+1

)∥∥∥∥∥
2 , (2.68)

where, in the second line, we used that ni+1 = Λ[ni]. Defining the residuals,
rn ≡ n−n − n−n+1, and accumulating them in a matrix,

RT ≡
[
r1 r2 . . . rN−1

]
(2.69)

the constraint minimisation problem can be written as,

c = argmin
c: cT1=1

{
cTRRT c

}
, (2.70)

= argmin
c, λ

{
cTRRT c + λ

(
cT1− 1

)}
, (2.71)

where, in the second line, we accounted for the constraint by introducing a
Lagrange multiplier, λ. At the minimum, both the gradient with respect to c
and the gradient with respect to λ should vanish, yielding equations,

0 = 2cTRRT + λ1T (2.72)

0 = cT1− 1 (2.73)

Solving for λ, yields,

λ = −2
1T(RRT

)−11
, (2.74)

while solving for c and substituting the result for λ yields,

c =
(
RRT)−11

1T
(
RRT

)−11
. (2.75)

These are the coefficients that make equation (2.64) optimally predict the
fixed-point of the iterative process defined by Λ, in the sense of equation (2.66),
assuming linearity.
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2.4Magritte

Simulating radiative transfer allows us to compare observations with simulations.
Starting from an observation of a distant astronomical object, one can create
a model of the environment, for which a synthetic observation can be made.
The model for which the synthetic observation agrees most with the actual
observation, can then be used to infer the physical conditions of the object. On
the other hand, one can start from hydrodynamics models, creating synthetic
observations of these. From this, we can deduce which features we might be
able to observe.

In both applications, simulating radiative transfer is crucial. In this thesis, we
focus on Magritte20[Ceulemans et al., 2024, De Ceuster, 2022, De Ceuster
et al., 2020, 2019], an open-source 3D NLTE line radiative transfer library. The
code has mainly been used to simulate the environment of AGB stars. Examples
include modeling the distribution of NaCl around IK Tauri Coenegrachts et al.
[2023], and modeling the molecule-rich disk around L2 Puppis Van de Sande
et al. [2024].

We clarify the computational details of Magritte in Section 2.4.1. Afterwards,
we explain how to use the code in Section 2.4.2. Finally, we detail any further
improvements in Section 2.4.3.

2.4.1Computational details

The code Magritte is able to solve the radiative transfer equation using both
the first order accurate formal solution discretization (see Section 2.2.2) and
the Feautrier solver (see Section 2.2.3), and uses long characteristics. We can
apply the code to post-process any 3D hydrodynamics simulation, regardless
of whether it originates from adaptive mesh refinement (AMR) or smoothed
particle hydrodynamics (SPH). This is achieved by implementing a flexible
spatial discretization, which uses a point cloud with neighbor information. For
this discretization, we require the locations for each individual point and the
corresponding indices of all neighboring points. This information is available
in any grid-based simulation and can obtained from particle-based simulations
after applying a Delaunay triangulation21 to the point cloud.

In order to evaluate the radiation field I(n̂,x, ν), we discretize the path traveled
by light (in a given direction) using ray-tracing [as described in De Ceuster

20Available at https://github.com/Magritte-code/Magritte
21We choose to employ a Delaunay triangulation as it avoids generating triangles with very

small angles, which would impact the ray tracing scheme.

https://github.com/Magritte-code/Magritte
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et al., 2020]. We briefly summarize the ray-tracing algorithm (see Fig. 2.6)
here. Starting from a origin point in the point cloud, we find the next point in
a given direction by looking at all neighboring points, choosing the neighbor
whose distance is closest to the ray, defined by the straight line drawn through
the origin point, and lies in the forward direction, i.e.

n̂ · (xneighbor − xcurrent) > 0, (2.76)

in which n̂ is the ray direction and xneighbor and xorigin are respectively the
position of the considered neighboring point and current point in the ray-tracing
algorithm. Then this neighbor gets added to the list of discretized positions
used for calculating the intensity. Next, we find the neighbors of this point,
using exactly the same algorithm. The ray-tracing algorithm ends when we
reach the boundary of the model. When calculating the intensities, we calculate
the emissivities and opacities at the discrete positions on the ray using nearest
neighbors interpolation. When benchmarking Magritte and SKIRT [Baes
and Camps, 2015], which does interpolate these properties, we obtain the same
results [Vermeulen et al., 2025]. Therefore, we do not deem it necessary to
implement a better interpolation scheme for the properties at the ends of each
ray segment in Magritte. However, we should clarify that we do add some
intermediate interpolation points within the segments, when it is required in
the calculation (see Section 3.4.5).

For the angular discretization of the intensity, we rely on the HEALPix
discretization [Górski et al., 2005] of the solid angle. It discretizes the entire
solid angle into 12 regions with equal area, and can be subdivided recursively
as many times as necessary. In Magritte, this scheme is used to obtain an
angular discretization for calculating the mean line intensity Jij (see Eq. 4.20).
Note that we also need to specify how we discretize the frequency space for
calculating Jij . For this, we rely on the Gauss-Hermite quadrature in order to
properly sample the intensity in each region of the line profile function φij [for
more details, see De Ceuster et al., 2019].

In Magritte, we compute self-consistent NLTE line radiative transfer by
iteratively computing the radiation field and the level populations ni. To
improve the convergence behavior of this iterative scheme, we have implemented
both ALI (see Section 2.3.1) and Ng-acceleration (see Section 2.3.2).

To further improve computational efficiency, we apply model grid reduction,
as point cloud distributions fit for hydrodynamics simulations might prove
unnecessarily detailed when computing radiation transport [De Ceuster et al.,
2020]. Starting from the original point cloud, we generate a new point cloud,
containing less points compared to the original model. This increases the
computational performance of the radiative transfer calculation, at the cost of a
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Figure 2.6: Illustration of the ray tracing algorithm used in Magritte. The
ray starts at a given point and keeps adding the neighbor closest to the ray to
the path discretization until the model boundary is reached. Figure taken from
De Ceuster et al. [2020].

reduction in accuracy. Finally, we explore further computational improvements
made throughout this thesis in Section 2.4.3.

2.4.2User interface

Magritte has publicly available documentation22, which includes installation
instructions, jupyter notebooks with examples and full API definitions. For
performance reasons and memory control, the code base was written in C++,
but it has a python interface, made using pybind1123, which exposes the C++
functions and data structures to python. For ease of use, the internal geometry
is based on point clouds, thus it can accept both particle-based and grid-based
hydrodynamics models as input24. In Listing 2.1, we present an example of
how to create a Magritte model. Then, in Listing 2.2, we use this Magritte
model to create synthetic channel maps, similar to Fig. 2.7.

22Available at https://magritte.readthedocs.io/en/stable/
23Available at https://github.com/pybind/pybind11
24Analytical models are also possible as input, but need to be converted to one of both

mentioned input options.

https://magritte.readthedocs.io/en/stable/
https://github.com/pybind/pybind11
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Listing 2.1: Example Python script for creating a Magritte model. The
hardcoded settings denote typical parameters used for a 3D Magritte model.

1 import magritte.setup as setup # Model setup
2 import magritte.core as magritte # Core functionality
3 import numpy as np
4

5 model = magritte.Model ()# Create model object
6

7 model.parameters.set_model_name(model_file) # Magritte model file
8 model.parameters.set_dimension(3) # This is a 3D model
9 model.parameters.set_npoints(npoints) # Number of points

10 model.parameters.set_nrays(48) # Number of rays
11 model.parameters.set_nspecs(3) # Number of species
12 model.parameters.set_nlspecs(1) # Number of line species
13 model.parameters.set_nquads(15) # Number of quadrature points
14

15 model.geometry.points.position.set(position)
16 model.geometry.points.velocity.set(velocity)
17

18 model.geometry.points.neighbors.set(nbs)
19 model.geometry.points.n_neighbors.set(n_nbs)
20

21 model.chemistry.species.abundance = np.array((nCO, nH2, zeros)).T
22 model.chemistry.species.symbol = [’CO’, ’H2’, ’e-’]
23

24 model.thermodynamics.temperature.gas.set(tmp)
25 model.thermodynamics.turbulence.vturb2.set(trb)
26

27 model.parameters.set_nboundary(boundary.shape[0])
28 model.geometry.boundary.boundary2point.set(boundary)
29

30 setup.set_uniform_rays(model)
31 setup.set_boundary_condition_CMB(model)
32 setup.set_linedata_from_LAMDA_file(model, lamda_file)
33 setup.set_quadrature(model)
34

35 model.write()

Listing 2.2: Example Python script for creating a synthetic observation from
a Magritte model.

1 import magritte.core as magritte # Core functionality
2 import magritte.plot as plot # Plotting
3 import magritte.tools as tools # Save fits
4 import matplotlib.pyplot as plt
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5

6 # load the saved model
7 model = magritte.Model(model_file)
8

9 # Initialize model setup
10 model.compute_spectral_discretisation ()
11 model.compute_inverse_line_widths ()
12 model.compute_LTE_level_populations ()
13

14 # Iterate level populations until statistical equilibrium
15 model.compute_level_populations_sparse (True, 20)
16

17 # Setup details for synthetic observations: specify frequency range
18 # For this example, we image around the 2-1 line
19 fcen = model.lines.lineProducingSpecies[0].linedata.frequency[1]
20 maxvel = 25000 #[m/s]
21

22 # Compute doppler shift corresponding to this velocity
23 dd = maxvel / magritte.CC
24 fmin = fcen - fcen*dd
25 fmax = fcen + fcen*dd
26

27 # Create a set of images of the model using the specified
(uniformly spaced) frequency discretization

28 model.compute_spectral_discretization(fmin, fmax, n_image_freqs =
121)

29 model.compute_image_new(0.0, 0.0, 1.0, 512, 512)
30 #imaging in the direction (nx,ny,nz) = (0,0,1), using a resolution

of 512x512 for the image.
31

32 #combine the images into a channel map
33 image_frequency_indices_to_use = [30+4*i for i in range(16)]
34 channel_map_shape = (4,4)
35 plot.image_channel(model, image_frequency_indices_to_use,

channel_map_shape, zoom = 1.8, xticks=[-50,0,50],
yticks=[-50,0,50], npix_x=512, npix_y=512)

36 plt.show()

2.4.3Computational improvements

The goal for this thesis is to be able to efficiently compute NLTE line radiative
transfer in the AGB environment. As stated before, 3D NLTE line radiative
transfer is computationally expensive. Thus we require new optimizations,
both to the exact implementation and the numerical algorithms. In Chapter 3,
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Figure 2.7: Channel map for the intensity, made using Magritte by post-
processing a hydrodynamics model from Malfait et al. [2021]. The different
boxes correspond to material moving towards or away from the observer at the
specified velocity. On the bottom, we find the line profile, which intensity per
channel map integrated. Figure taken from Ceulemans et al. [2024]



44 INTRODUCTION

we implement various improvements to the Magritte code base and several
new optimizations for NLTE line radiative transfer, including a variation on
Ng-acceleration (see Section 3.4.2) and a semi-analytic method to calculate
optical depths when encountering large velocity gradient regions (in Section
3.4.3). Then, in Chapter 4, we explore a new discretization for the comoving
variation of the radiative transfer equation (Eq. 2.19), suppressing numerical
instabilities, while also allowing a for non-monotonic velocity field. Furthermore,
we implement an adaptive angular discretization to suppress the so-called ray-
effect which originates from using a limited angular discretization when using
discrete ordinates. Afterwards, we explore using GPU parallellization to speed
up line radiative transfer. In Chapter 5, we port Magritte to Pytorch,
a machine learning library. We translate the CPU-based algorithms from
Magritte to GPU. Furthermore, we explain how one can utilize the machine
learning framework for uncertainty quantification. Finally, we will be able to
compute the CO line cooling in Chapter 6. However, NLTE line radiative transfer
is too computationally expensive to include on the fly during hydrodynamics
simulations. Therefore, we propose a CO cooling rate prescription for the AGB
environment, based on radiative transfer post-processing of AGB hydrodynamics
simulations. Furthermore, as these simulations might not yet include all physics,
we study the influence of perturbations on the radiative transfer model input
to the cooling rates.
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This paper was published before re-implementing interpolation, which improves
the accuracy of the results, but introduces an extra computational cost. The
exact timings in this chapter are therefore not representative for the latest
version of Magritte, but this should not affect the scaling behavior for any
optimization presented in this chapter.
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Abstract

Spectral line observations are an indispensable tool to remotely
probe the physical and chemical conditions throughout the universe.
Modelling their behaviour is a computational challenge that requires
dedicated software. In this chapter, we present the first long-
term stable release of Magritte, an open-source software library
for line radiative transfer. First, we establish its necessity with
two applications. Then, we introduce the overall design strategy.
Finally, we present several key improvements over previous versions:
(1) an improved re-meshing algorithm to efficiently coarsen the
spatial discretisation of a model; (2) a variation on Ng-acceleration,
a popular acceleration-of-convergence method for non-LTE line
transfer; (3) a semi-analytic approximation for line optical depths
in the presence of large velocity gradients; (4) a computationally
efficient evaluation of the total emissivity and opacity; and, (5)
an interpolation scheme for accurately evaluting the optical depth
opacity.

3.1Introduction

Electromagnetic radiation contains a wealth of information, in particular,
spectral lines. These sharp features in frequency space originate from transitions
between the quantized energy levels of electronic, rotational, or vibrational
states of the atoms and molecules in the medium. Their specific frequencies
uniquely characterise the chemical species that produces them and thus can be
used to infer the chemical composition of the medium. Spectral lines also encode
the kinematic structure of the environment. Their narrow extent in frequency
space makes them very sensitive to Doppler shifts caused by macroscopic velocity
gradients in the medium, while their widths are governed by microscopic thermal
and turbulent motions. Furthermore, the relative intensities of lines can be used
to infer the thermodynamic properties of the environment. As such, spectral line
are excellent tracers of both the physical and chemical properties of the medium
from which they originate, making them indispensable for astrophysics research.
In order to leverage all this information, over the years, several software models
have been developed to simulate line radiative transfer, such as MCFOST
[Pinte et al., 2006], LIME [Brinch and Hogerheijde, 2010], SKIRT [Baes and
Camps, 2015, Matsumoto et al., 2023], and also Magritte [De Ceuster et al.,
2019, 2020, De Ceuster et al., 2022, Ceulemans et al., 2024].

In this chapter, we present the first stable release of Magritte, a modern
software library for spectral line radiative transfer. Previous papers about
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Magritte have focused on the specific algorithms for ray-tracing, the self-
consistent solution of the radiation field with the state of the medium, and
benchmarks against other codes [De Ceuster et al., 2019], and also on reduction
methods for the model discretisation and their effect on the computational
efficiency [De Ceuster et al., 2020]. In this chapter, we focus on the now-
consolidated code design and maintenance strategy for Magritte1 while also
presenting several further algorithmic improvements over previous versions
[De Ceuster et al., 2022].

This chapter is organized as follows. In Section 3.2, we demonstrate the utility
of Magritte with two important applications. In Section 3.3, we describe the
code structure and elaborate on our software development and maintenance
strategy. We present five key improvements in Magritte in Section 3.4, and
we discuss current limitations and future work in Section 3.5.

3.2Statement of need

The era of spatial and spectral high-resolution imaging, such as with the Atacama
Large (sub)Millimetre Array (ALMA) or the Square Kilometre Array (SKA),
has pushed the need for versatile radiative transfer simulators that can handle
high-resolution models to simulate all complex phenomena that are observed
[see e.g. Andrews et al., 2018, Decin et al., 2020, Öberg et al., 2021]. Magritte
is a radiative transfer simulator that was primarily designed with applications
in mind of modelling stellar environments. Since its conception, it has been
used, for instance, to model the unusual NaCl distribution around asymptotic
giant branch (AGB) star IK Tauri [Coenegrachts et al., 2023], to model the
molecule-rich disk around AGB star L2 Puppis [Van de Sande et al., 2024], and to
create synthetic observations of smoothed-particle hydrodynamics (SPH) models
of companion-perturbed stellar winds [Malfait et al., 2024b]. Furthermore,
Esseldeurs et al. [2023] implemented the ray-tracer of Magritte in the SPH
code Phantom [Price et al., 2018] to couple radiation and hydrodynamics.
Below, we demonstrate how Magritte can be used to model the CO line
emission of an analytic model of a protoplanetary disk and an intricate SPH
model of a companion-perturbed stellar wind.

3.2.1Analytic protoplanetary disk model

Figure 3.1 shows synthetic observations created with Magritte of the CO
J = 1− 0 line emission emanating from a proto-planetary disk model, viewed

1Publicly available at github.com/Magritte-code/Magritte.

github.com/Magritte-code/Magritte
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Figure 3.1: Synthetic observations of the CO J = 1 − 0 line of an analytic
protoplanetary disk model. (Top.) Specific intensity in each frequency/velocity
bin. (Bottom.) Normalized spatially integrated intensity.
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Figure 3.2: Synthetic observations of the CO J = 2−1 line of an SPH simulation
of a companion-perturbed stellar wind model. (Top.) Specific intensity in each
frequency/velocity bin. (Bottom.) Normalized spatially integrated intensity.
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edge-on. A detailed description of the model can be found in [De Ceuster
et al., 2019]2. The Magritte model used a discretisation of about 100k points,
48 directions, and 7 frequency bins per line. The radiative properties of the
medium3 were determined self-consistently with the radiation field, without
assuming local thermodynamic equilibrium (i.e. non-LTE). The corresponding
channel maps are shown in Figure 3.1. These show the intensity in different
frequency bins, which, through the Doppler shift, can be related to the emission
of material moving with a specific velocity along the line of sight. When scanning
through the different channels from top-left to bottom-right, we can see the
emission shift from right to left with respect to the centre of each image. This
is a clear signature of the rotation of the disk. The detailed structure of the line
emission of the disk can further be used to infer physical and chemical properties,
such as the velocity and temperature distribution [see e.g. Van de Sande et al.,
2024].

3.2.2Numerical companion-perturbed stellar wind
model

Figure 3.2 shows synthetic observations created with Magritte of the CO
J = 2 − 1 line emission emanating from an SPH simulation of a companion-
perturbed stellar wind. The line-of-sight is orthogonal to the orbital plane of
the companion. A star in the centre is losing mass in an initially spherically-
symmetric wind, stirred up by a companion on an eccentric orbit. Figure 3.3
depicts a slice through the centre of the model, showing the intricate wind
structure in terms of the CO number density.4 A detailed description of the SPH
model can be found in Malfait et al. [2021]. The SPH model, as processed by
Magritte, contains about 1M points, with 48 directions and 7 frequency bins
per line to discretise the radiation field. Using Magritte, first, non-LTE line
transfer is performed to determine the level populations of the CO rotational
levels, and then the images are created. Given the complexity of the model,
the interpretation of the synthetic observations is less straightforward as with
the previous disk model. The channel maps in Figure 3.2 clearly show the arcs
that are stirred up by the companion in the stellar wind. In the higher-velocity

2De Ceuster et al. [2019] also showed synthetic observations of this model. However, due
to boundary effects, the integrated line profile was inaccurate. This has now been resolved.
The computational improvements presented in this chapter, moreover, allow us now to create
much higher resolution images.

3This means the emissivities/opacities computed using the populations of the 41 lowest
rotational energy levels of CO. As for every model in this chapter, the line data were obtained
from the LAMDA database, which can be found at home.strw.leidenuniv.nl/~moldata/.

4To obtain the CO number density from the SPH model (that only contains the total mass
density), we attribute all the mass density to H2 and then assume a constant ratio of 10−4

between the CO and H2 number densities.

home.strw.leidenuniv.nl/~moldata/
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Figure 3.3: Slice through the centre of the companion-perturbed stellar wind
model showing the CO number density.

images we can even discern the mass-losing star and its companion through the
hot and fast-moving material that enshrouds them. The velocity structure is
quite symmetric, due to the initially spherically-symmetric velocity field of the
wind and the fact that the line-of-sight is orthogonal to the orbital plane.

3.3Magritte design

The design of Magritte is mainly driven by the need for a modular and
performant general-purpose radiation transport simulator that can easily be
applied to grid-based as well as particle-based model data. The resulting design
choices for the geometric data structures, the model discretisation, and the
ray-tracing algorithm have extensively been discussed in De Ceuster et al. [2019,
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2020] and De Ceuster [2022]. Here, we focus on the code structure, and the
development and maintenance strategy. The application / programmer interface
(API) has already been explained in Section 2.4.2.

3.3.1Code structure

The core of Magritte is written in C++, but it has a convenient user-
interface in Python that is linked to the C++ core using pybind11.5 The
Magritte core is written in an object-oriented fashion, organising model data
in a physically relevant class structure. The main class structure of a Magritte
model is given in Listing 3.1. The Parameters class stores the general model
parameters, such as a name for the model, the number of points, directions,
and frequency bins, as well as algorithmic parameters, such as various threshold
values. Since all classes require this data, each model subclass has access to the
Parameters class through a C++ smart pointer (std::shared_ptr). The
contents of the other classes should be evident from their names and is further
illustrated in the exposition of the API.

Listing 3.1: Model class structure in Magritte.
Model.Parameters

Model.Geometry
Model.Geometry.Boundary
Model.Geometry.Points
Model.Geometry.Rays

Model.Lines
Model.Lines.LineProducingSpecies

Model.Thermodynamics
Model.Thermodynamics.Temperature
Model.Thermodynamics.Turbulence

Model.Radiation
Model.Radiation.Frequencies

Model.Chemistry
Model.Chemistry.Species

5Publicly available at github.com/pybind/pybind11.

github.com/pybind/pybind11
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3.3.2Code development & maintenance strategy

Magritte is a collaborative project that has multiple developers and several
contributors. To facilitate the collaborative development process, we adopted
the following strategy.

Version control

In Magritte, we use git for version control. The repository is hosted online
on GitHub. Different projects and features are developed in different branches.
The latest stable version, the one that is recommended for scientific use, can be
found on the stable branch.

To facilitate communication regarding updates, an automated versioning scheme
has been implemented. This means that whenever the stable branch is updated,
the version number of the source code will increase automatically. This provides
users with a consistent and human-readable way to determine code versions, in
addition to the less human-readable git hashes.

Automated testing

In order to swiftly catch the unavoidable errors that will be introduced by
continued development on an existing code base, we introduced an automated
testing framework in Magritte. We use pytest for defining the test cases
and automate them in our online repository using GitHub Actions. We
currently do not have unit tests but only regression tests. The tests compare
results obtained with Magritte against analytical results when possible, and,
otherwise, with previously-obtained and validated numerical results. The
analytical tests that we now automated have previously been described in
De Ceuster et al. [2019]. To test the non-LTE solver, we use the benchmarks
described in van Zadelhoff et al. [2002]. We also include one “real-world”
scientific application in our test suite, namely, the imaging of the SPH model
presented in Section 3.2.2.

We support Magritte both on Linux and MacOS and thus also test on both
operating systems.6 We noticed that minor differences can be found between
the online numerical test results on the two operating systems, mainly because
the MacOS version is executed on ARM M1 Apple silicon, on which the C++
long double type has only 64 bits, while it has 80 bits on the x86 hardware

6Windows users are encouraged to use Magritte through the Windows Subsystem for
Linux (WSL).
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on which the Linux tests are executed. Despite the numerical difference, both
solutions safely reside within the assumed error margins.

3.4New features & Improvements

Since the last publication about Magritte [De Ceuster et al., 2022], some
new features and several improvements have been introduced. We highlight the
most important ones below.

3.4.1Recursive re-meshing

As in many numerical methods, also in radiation transport, discretisation plays
a key role in the trade-off between accuracy and computational speed. The
computational cost of a ray-tracing radiative transfer solver roughly scales as
N4/3, with, N , the number of points in the spatial discretisation, while it scales
linearly with respect to other parameters, such as the directional and frequency
discretisation. Therefore, it is crucial to be able to optimally choose the spatial
discretisation. De Ceuster et al. [2020] proposed a simple algorithm to tailor the
spatial discretisation of a hydrodynamics model to radiative transfer simulations.
The algorithm coarsened the spatial discretisation, based on a criterion on the
gradient of a so-called tracer function, i.e. the function we want to properly
sample with the (reduced) discretisation. This was implemented in Magritte,
using the mesh-generation functionality provided by gmsh7 [Geuzaine and
Remacle, 2009] and scipy [Virtanen et al., 2020]. Although effective, generating
new discretisations was computationally expensive [it was e.g. a limiting factor
in the work by Coenegrachts et al., 2023], and the implementation was rather
cumbersome. To alleviate this, we have implemented a much faster and simpler
recursive re-meshing algorithm that we describe below.

Following De Ceuster et al. [2020], we assume the density, ρ, of a model to be
an appropriate tracer function, i.e. we search for a coarser spatial discretisation
that still properly samples the density. Note, however, that we can replace
this function by any other (combination of) model function(s), if needed. In
accordance with the internal data structures in Magritte, we assume the
density to be given on a point cloud. The recursive re-meshing algorithm then
goes as follows. Consider a rectangular box containing all data points and
compute the variation of the tracer function within that box. We define the
variation within a box as

2
(
ρmax − ρmin

ρmax + ρmin

)
, (3.1)

7Publicly available at: gmsh.info/.

gmsh.info/
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Divide Crop

Figure 3.4: Illustration of the “divide” and “crop” steps in the recursive re-
meshing algorithm. The stars denote the data points of the point cloud.

where ρmax and ρmin are respectively the maximum and minimum value of
the tracer function attained within the box. If this variation exceeds a certain
threshold value, rmax, then we deem the variation too large and subdivide the
rectangular box in 4 (in 2D) or 8 (in 3D) equal rectangular boxes. Then, if
possible, we crop each rectangular box to its minimal size still containing all
points belonging to that box. These “divide” and “crop” steps are illustrated in
Figure 3.4. This procedure is then recursively repeated for all boxes in which
the variation exceeds the threshold, until a maximum level of recursion, l, is
reached. Once the recursion halts, we find the resulting reduced discretisation
by representing each box by a single point at its centre. To ensure a proper
definition of the boundary, after recursive re-meshing, we add an evenly-spaced
set of boundary points on the surface of the outermost box.

The recursive re-meshing method has two parameters that determine the
resulting discretisation, the maximum variation within a box, rmax, and the
maximum recursion level l. The former dictates the smoothness of the tracer
function, while the latter limits the overall recursion level, thereby limiting
the smallest resolvable length scale. Increasing rmax will result in a smoother
representation of the tracer function, while increasing l will result in better-
resolved small-scale details. We have implemented this recursive re-meshing
algorithm efficiently in Python in Magritte, using standard numpy array
operations [Harris et al., 2020]8.

8The implementation can be found in the function remesh_point_cloud in the file
magritte/mesher.py in the Magritte code base.
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Table 3.1: Comparing the number of points, time it takes to create a reduction,
and time it takes to perfom a radiative transfer simulation.

Npoints treduction [s] tRT [s]
Original 1.1 · 106 − 5.2 · 103

Reduced old 9.2 · 104 2.2 · 102 1.9 · 102

Reduced new 8.5 · 104 6.0 · 100 2.3 · 102

We can now demonstrate the utility of this new method by applying it to
the SPH model of a companion-perturbed stellar wind, introduced in Section
3.2.2. We chose the parameter values, rmax = 0.4 and l = 12, to obtain similar
resulting discretisations as the old re-meshing algorithm from De Ceuster et al.
[2020], so we can compare the two. The results are summarised in Table 3.1.
Both methods reduce the number of points by about one order of magnitude.
However, we can see that the new method is about 50 times faster. We note that,
even though the new method results in slightly fewer points, the time it takes
to perform a radiative transfer simulation on it is slightly longer. This can be
understood, since the new method creates a slightly more regular discretisation,
resulting on average in slightly more points per ray. Nevertheless, radiative
transfer simulations are still an order of magnitude faster compared to the
original model. As a side note, we find that the GMSH reduction takes a similar
amount of time as the corresponding radiative transfer simulation. We think
that the required time for this remeshing method is proportional to original
model size, given that we first create a mesh from the original point cloud, and
give that as input to GMSH.

Figure 3.5 shows the three different discretisations, the corresponding synthetic
observations of the CO (J = 2− 1) line, and the relative differences of these
with respect to the original model. Qualitatively, both reduced discretisations
trace the underlying tracer function equally well and both yield equally accurate
synthetic observations. To quantitatively asses the accuracy of the reduced
discretisations, following De Ceuster et al. [2020], in Figure 3.6, we plotted
the cumulative distribution of relative differences between the radiation fields
computed on the reduced discretisations and the original model. Since for
non-LTE line transfer the direction- and frequency-averaged mean intensity is
important, we have plotted the relative differences for the mean intensity as well
as for the resulting intensity on the images. For both quantities, the relative
differences are below 10% for 80% of the points in the model or pixels in the
image. The new method can thus produce equally good reduced discretisations
at a fraction of the computational overhead.
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Figure 3.5: (Top row.) Slice through the centre of the companion-perturbed
stellar wind model showing the CO number density (cfr. Figure 3.3), but now
with a Delaunay tetrahedralisation of the spatial discretisation superimposed.
(Second row.) Synthetic observations of the CO J = 2− 1 line, showing only
v = 0 km/s, created with Magritte, using the different spatial discretisations.
(Third row.) The relative difference in the synthetic observations, compared
to the original model. (Bottom row.) Integrated line profile obtained from
the original model, and the relative differences for the reduced discretisations
compared to the the original model.
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obtained on the reduced discretisations and the original model.
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3.4.2Adaptive Ng-acceleration

In line radiative transfer, the emissivity and opacity of the medium depend on
the radiation field in a non-trivial way. To resolve this interdependence, the
state of the medium and the radiation field are often alternately solved in an
iterative way. The convergence of this iterative process can be notoriously slow,
and, as a result, various techniques have been devised to accelerate it [see e.g.
Olson et al., 1986, Rybicki and Hummer, 1991]. One of these techniques is
Ng-acceleration [Ng, 1974, Olson et al., 1986]. This is a general acceleration-of-
convergence technique and is known under various other names and has various
related variants in other application domains [see e.g. Sidi, 2020]. It aims to
predict the fixed-point of the iterative process by a linear combination of the
Nsteps last iterates. In the classical formulation, the value of Nsteps is a fixed
predefined hyper-parameter, and it was also implemented like this in Magritte
[De Ceuster et al., 2019].

We noted, however, that this value can adaptively be chosen to obtain even
better convergence. We call this “adaptive Ng-acceleration”, and we determine
Nsteps as follows. After each regular iteration, we compute the Ng-prediction,
using the last N regular iterates.9 Then, we decide whether or not to use this
prediction as the next iteration step. The criterion depends on the convergence
of the running Ng-predictions versus the convergence of the regular iterates. We
only use the Ng-prediction as the next iterate if the maximum relative change in
the last two running Ng-predictions is smaller than the maximum relative change
in the last two regular iterates. Stated differently, we only use the Ng-prediction
as the next iterate if the Ng-predictions converge faster than the regular iterates.
In this way, we keep on using more previous iterates in the Ng-prediction, i.e.
N keeps on growing, until we eventually use the Ng-prediction. If the criterion
remains unsatisfied for many iterations, of course, we cannot keep on storing
the previous iterates indefinitely. Therefore, we also introduce a maximum,
Nmax, after which we use the Ng-prediction as new iterate anyway.

This adaptive version of Ng-acceleration requires a way to conveniently compute
the Ng-prediction for any number N of previous iterations. We present only the
resulting equations here and provide a full derivation in 2.3.2. The Ng-prediction
for the fixed-point of an iterative process is a linear combination of the N last
iterates,

n∗ =
N∑
n=1

cn n−n, (3.2)

9To be precise, we only include iterates after the last Ng-prediction, if a previous Ng-
prediction was already made.
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where we used negative indices to denote elements, starting from the last one
counting backwards (like in Python). To ensure normalisation of the prediction,
which is important e.g. for level populations, we require the coefficients, cn, to
sum to one. Defining the residuals, rn ≡ n−n−n−n+1, and accumulating them
in a matrix,

RT ≡
[
r1 r2 . . . rN−1

]
(3.3)

the resulting coefficient vector, c, for the Ng-prediction reads,

c =
(
RRT)−11

1T
(
RRT

)−11
, (3.4)

in which 1 denotes a (N − 1)-dimensional vector of ones. Note that the matrix
that needs to be inverted is (N − 1×N − 1)-dimensional and does not depend
on the dimension of the vector iterates, n. Since we expect to require only a
relatively small number of iterates, we expect the matrix inversion to be cheap.

We can demonstrate the performance of our adaptive Ng-acceleration scheme on
the non-LTE benchmark problems by van Zadelhoff et al. [2002]. We consider
what they call “problem 1a/b”, which describes non-LTE line transfer in a
spherically-symmetric steady-state model for a fictitious two-level species. The
a/b refers to the density of the fictitious species, resulting in a low/high optical
depth medium. Hence, we expect convergence for problem 1a, with lower optical
depth, to be faster than for 1b. Figure 3.7 shows the convergence behaviour of
classical and adaptive Ng-acceleration on this benchmark problem, for several
choices of Nsteps, in the classical, and Nmax, in the adaptive algorithm. Adaptive
Ng-acceleration consistently shows faster convergence. Also when Nmax is chosen
relatively large (e.g. 16 or 32), the algorithm timely injects the Ng-prediction
for optimal convergence. As a result, for large enough Nmax, it does not affect
the convergence behaviour anymore. The choice of Nmax should therefore only
be informed by the amount of memory available.

3.4.3Semi-analytical approximation for line optical
depths

Optical depth plays a crucial role in radiative transfer, as it defines the
relevant length-scales. In a spatial discretisation, the optical depth between two
neighbouring points, x0 and x1, is defined in terms of the opacity, χ, as,

∆τ = ∆x
∫ 1

0
dλ χ(λ), (3.5)

where, λ ∈ [0, 1], is a parameter interpolating between x0 at λ = 0, and x1 at
λ = 1, and ∆x ≡ ||x1 − x0||, is the Euclidean distance between the two points.
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method applied to the van Zadelhoff et al. [2002] problem 1a/b, using different
values for Nsteps and Nmax. Both legends are for both plots. Ng-acceleration
occurs at the sudden changes in max relative change.
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In previous versions of Magritte [De Ceuster et al., 2019], the integral in the
optical depth equation (3.5) was approximated using the trapezoidal rule,

∆τ = ∆x
(
χ0 + χ1

2

)
, (3.6)

which implicitly assumes that the opacity can be well-approximated by a linear
function between the two points. The subscripts indicate where the function is
evaluated, i.e. χi ≡ χ(xi). As long as the opacity is well-sampled by the spatial
discretisation, this is a valid assumption. However, this becomes difficult for
line opacities when large velocity gradients are involved. The line opacity of a
transition i↔ j, can be written as,

χ = χijφij(ν), (3.7)

where the first factor only depends on the position in the medium and the
second factor is the line profile function that carries all frequency dependence.
In Magritte, we assume the line profile to be dominated by Doppler shifts
caused by thermal and turbulent motions in the medium. This results in a
Gaussian line profile,

φij(ν) = 1
δνij
√
π

exp
[
−
(
ν − νij
δνij

)2
]
, (3.8)

where νij is the line centre, and the line width is defined as,

δνij = νij
c

√
2kBT
mspec

+ v2
turb, (3.9)

with kB Boltzmann’s constant, T the local gas temperature, mspec the molecular
mass of the gas, and vturb the turbulent velocity. The line profile is typically very
narrow in frequency space and, therefore, very sensitive to velocity gradients
in the medium due to Doppler shifts. For the optical depth increment (3.5),
computed at a particular frequency, ν, this implies,

∆τ(ν) = ∆x
∫ 1

0
dλ χij(λ)φij (ν + λ∆ν) , (3.10)

where ∆ν is the Doppler shift, caused by the velocity difference, ∆v, between
x0 and x1, projected along a direction n̂,

∆ν = n̂ ·∆v
c

ν. (3.11)

The problem is that the integrant in (3.10) is not necessarily well-approximated
by a linear function, as illustrated in Figure 3.8. In previous versions of
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Figure 3.8: Illustration of the effect of a velocity gradient on line optical depth.
(Left.) The resulting integral assuming a linear integrant. (Right.) The resulting
integral by analytic integration of the Gaussian factor.

Magritte, this was resolved by subdividing the interval between neighbouring
points if the Doppler shift was too large, such that on each subdivision the
integrant was approximately linear [De Ceuster et al., 2020]. Although effective,
when large velocity gradients are present, many subdivisions will be necessary,
causing significant computational overhead. Therefore, in the current version of
Magritte, we provide a semi-analytical approximation for the non-linear part
of the integrant. We do this by approximating χij by its average between the
points, and analytically integrating the remaining Gaussian factor,

∆τ(ν) = ∆x
(
χij,0 + χij,1

2

)∫ 1

0
dλ φij

(
ν + λ∆ν

)
, (3.12)

= ∆x
(
χij,0 + χij,1

2

)Erf
(
νij+∆ν−ν

δνij

)
− Erf

(
νij−ν
δνij

)
2∆ν

 . (3.13)

In principle, the line width is also position-dependent but we assume that it can
be well-approximated using the average local gas temperature and turbulent
velocity between the two points. Equation (3.13) allows us to accurately account
for Doppler shifts of the line profile at a small and fixed computational cost.

Figure 3.9 shows the relative error and computational cost for the line
optical depth computation using the trapezoidal rule, the trapezoidal rule
with subdivision, and the semi-analytical method. With the semi-analytic
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Figure 3.9: Relative error and computational cost of computing line optical
depths, comparing the trapezoidal rule, the trapezoidal rule with subdivision,
and the semi-analytic method.

method, we achieve comparable accuracy as with the trapezoidal rule with
subdivision, but at a lower computational cost, especially for large velocity
gradients. The semi-analytic method is about twice as slow as the trapezoidal
rule (without subdivision). Therefore, in Magritte, for small Doppler shifts,
i.e. ∆ν/δνij < 0.35, we still use the trapezoidal rule, while for larger Doppler
shifts, we revert to the semi-analytical method to compute line optical depths.

3.4.4Efficiently computing line opacities/emissivities

In Magritte, we are able to compute radiative transport with overlapping
lines. For computational efficiency, we do not want to take into account all
lines in every computation. This computational consideration is also made in
other line radiative transfer codes, see e.g. FASTWIND [Puls et al., 2005]. In
Magritte, when computing opacities and emissivities for specific frequencies,
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Figure 3.10: When computing the opacity/emissivity for a specific frequency
ν0, far lines (in the shaded region) can be ignored, given the locality of the
influence of the line profiles φij . Each line should only be taken into account if
ν0 lies within the bounds given by Eq. 3.15.

only nearby lines in frequency space are taken into account. Since the influence
of a line on these values is proportional to the evaluation of the line profile
function φij , which has a short influence in frequency space, faraway lines do not
significantly contribute to the opacities and emissivities (as illustrated in Fig.
3.10). In this section, we will describe the implementation of this optimization
in Magritte.

To determine the lines that significantly contribute to the opacity/emissivity
calculation at the comoving frame frequency ν, we employ a heuristic approach.
We precompute a maximal relative line width

(
δν
ν

)
max at each point, defined as:

(
δν

ν

)
max

(x) = maxij∈lines
δνij
ν
. (3.14)

By using this value, we establish lower and upper bounds to identify lines whose
frequency lies outside these limits, making their contribution negligible:[

ν

(
1− C

(
δν

ν

)
max

)
, ν

(
1 + C

(
δν

ν

)
max

)]
. (3.15)

Here, C represents a chosen constant, set to 10 as the default value in Magritte.
Using this value for the constant C, we guarantee that any evaluation of the
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Table 3.2: Computation time required for achieving full convergence in the
Van Zadelhoff 2 models, comparing the calculation using all lines with only
using nearby lines (see Section 3.4.4). As the performance improvement differs
significantly between 1D and 3D models, a single 3D version of the Van Zadelhoff
2a model has been included in this comparison.

Model All lines [s] Nearby lines [s]
1D Van Zadelhoff 2a 2.5 · 10 1.5 · 10
1D Van Zadelhoff 2b 7.3 · 10 4.3 · 10
3D Van Zadelhoff 2a 2.8 · 103 8.8 · 102

exponential in the profile function is less than 10−40 when the line frequency νij
lies outside these bounds. Any evaluation involving a multiplication with the
line profile function, i.e. when computing single line emissivities and opacities
according to Eqs. 2.11 and 2.12, will therefore be deemed negligible if the line
frequency νij falls outside this range. By sorting the line frequencies in advance,
standard search algorithms can be employed to determine which lines lie within
these bounds.

To show the impact of this optimization on the computation time, we will apply
it to the Van Zadelhoff problem 2 benchmark models [van Zadelhoff et al.,
2002], which represent a collapsing cloud consisting of HCO+. The benchmarks
are divided into two variants: an optically thin (referred to as ‘a’) and an
optically thick (referred to as ‘b’) model. We should note that the HCO+ lines
do not overlap in these models. We therefore expect a significant performance
improvement by applying this optimization. Even though these models have
a relatively modest number of lines, specifically Nlines = 20, this optimization
results in noteworthy improvements in computation time (see Table 3.2). We
remark that the magnitude of performance improvement differs significantly
between the 1D and 3D models. This difference may be attributed to variations
in model size, where smaller 1D models experience relatively more overhead
from other aspects of the Λ-iteration process.

An analogous improvement can be applied to the optical depth computation
in Section 3.4.3, involving the line profile function integral. The bounds are
slightly extended to account for the Doppler shift between successive points.
We use the comoving frame frequencies at both points, denoted as ν0 and ν1,
to compute the bounds. The extended bounds are given by:

[min(ν0, ν1)− Cδνmax,max(ν0, ν1) + Cδνmax] . (3.16)
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Here, δνmax is the maximum line width δν over both points, which ensures the
accuracy of the computation.

3.4.5Interpolation

In previous versions of Magritte, interpolation was used when the Doppler
shift was too high. However, in Section 3.4.4, we improved the evaluation of
the optical depth in high velocity gradient regimes, and therefore decided to
disable this feature.
Some time later, we discovered that some NLTE models generated nonphysically
high intensities in a ring on the outside of the model. After inspection, we
found that the culprit regions all were near masering: due to the incoming
radiation, the local opacity was almost zero, but still positive. This caused
numerical issues when calculating the intensity generated in a single ray segment
(assuming optically thin, zero velocity field):

S0∆τ ' η0

χ0
∆x (χ0 + χ1) (3.17)

in which ∗i represents the value at position i and the distance for the segment
between point 0 to point 1 is ∆x. In case of a significant difference10 between
the opacity at nearby points, this can lead to a severe overestimation [as has
previously been noticed by Pauldrach et al., 2001, Hoffmann et al., 2014]. In the
references, this has been solved by slightly adapting the numerical scheme for
solving radiative transfer. However, their mitigation method directly impacts
the numerical discretization of the equations and is therefore not algorithm
independent. We have opted to instead add interpolation points when necessary.
The amount is extra interpolation points is given by⌊∣∣∣∣ln(χij,0ρ0

/
χij,1
ρ1

)∣∣∣∣ / lnC
⌋
, (3.18)

in which ρ∗ is the species number density at position ∗ and C is the maximal
multiplication factor allowed between each point, which we take to be 1.4 by
default. During interpolation, we interpolate the emissivities and opacities
logarithmically and the line width δνij linearly. Note that this criterion has
been defined on a line-by-line basis; as different lines might encounter (almost)
masering regimes at different positions11, the interpolation needs to be done
seperately for the different lines, as we can otherwise waste up to a factor Nlines
computation time.

10In our testing, we found differences of several orders of magnitude. We note that this
high difference might originate from not yet including any dust opacity.

11The density, temperature and intensity field affect all energy states differently. Therefore
the corresponding energy transitions will also be in a different state.
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3.5Current limitations & future work

Magritte currently only supports line radiative transfer without any continuum
emission or absorption within the medium.12 Although this might be a safe
assumption when modelling low-J lines in stellar atmospheres, in the future we
would like to be able to include dust emission and absorption, which would be
important for line transfer in higher-J lines [see e.g. Matsumoto et al., 2023].
This will be included in a future version.

Magritte also cannot model radiation scattering. Efficiently modelling
scattering would probably require a significant revision of the entire modelling
strategy. Therefore, we do not plan to include it, at least not in the near future.

In the initial design of Magritte, considerable efforts were made to be able to
leverage distributed computing systems [see e.g. De Ceuster et al., 2020]. We
noticed, however, that for our target applications, rather than to simulate a
single large model, it is more important to be able to efficiently simulate large
grids of medium-sized models [see e.g. Coenegrachts et al., 2023, Van de Sande
et al., 2024]. These medium-sized models typically fit on a single compute node.
Moreover, our discretisation reduction techniques help us fit also larger models
on a single node [see e.g. De Ceuster et al., 2020, and Section 3.4.1]. Therefore,
we currently focus on single-node performance, and have, at least temporarily,
discontinued support for simulating on distributed systems. Still, most of the
required infrastructure is still in the code base, so this could be restored in the
future.

3.6Conclusion

We have presented the first long-term stable release of Magritte, an open-
source software library for line radiative transfer. We have demonstrated its
use with two applications creating synthetic spectral line observations, one for
an analytic model of a protoplanetary disk and one for a numerical SPH model
of a complex companion-perturbed stellar wind. Further, we have introduced
the overall design strategy for Magritte, including the class structure, and
the code development and maintenance strategy, including automated testing.
Finally, we presented three key improvements over previous versions. First, we
have presented a simple and fast recursive re-meshing algorithm to efficiently
create spatial discretisations of a model that can be tailored for radiative transfer
simulations. We have demonstrated that our new algorithm can provide similar

12The boundary conditions can, of course, contain continuum radiation, and are, in fact,
usually continuum sources (e.g. cosmic microwave background).
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quality spatial discretisations as before, but it is 50 times faster. Second, we
have presented an adaptive variation on the popular Ng-acceleration method to
accelerate convergence in non-LTE line transfer simulations. We have shown
that an optimal value for the only hyper-parameter in the classical algorithm
(Nsteps) can be determined on-the-fly to consistently obtain optimal convergence.
Third, we have derived a semi-analytical approximation for the line optical depth,
which can accurately handle even large velocity gradients at a small and fixed
computational cost. This obviates the need for computationally more expensive
sub-stepping methods. Fourth, we have implemented a more efficient evaluation
of the total emissivity and opacity, which significantly improves computational
performance. Finally, we have implement an interpolation scheme, based on the
variation in line opacity, which improves the numerical accuracy in case of rapid
source function variations. In summary, Magritte is now a mature project
with a significant application domain in astrophysical line radiation transport.
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Abstract

Radiative transfer is essential in astronomy, both for interpreting
observations and simulating various astrophysical phenomena.
However, self-consistent line radiative transfer is computationally
expensive, especially in 3D. To reduce the computational cost
when utilizing a discrete angular discretization, we use a comoving
frame interpretation of the radiative transfer equation. The main
innovation of this paper lies in the novel stabilization method for
the resulting numerical discretization. The stabilization method
is able to reduce spurious oscillatory behavior in the computed
intensities, at the expense of extra boundary conditions which need
to be enforced. We also implement an adaptive angular discretization
for the ray-tracing implementation, in order to efficiently and
accurately calculate the radiation field. Finally, we apply this
new numerical method to compute NLTE line radiative transfer on
a hydrodynamics model, showcasing its potential improvement in
computation efficiency.

4.1Introduction

In the astronomy literature, various algorithms already exist for computing
intensities in (line) radiative transfer, including discretizing the formal
solution [as in Auer, 2003], using the Feautrier method [Feautrier, 1964], and
moment method [see e.g. Auer and Mihalas, 1970]). Self-consistent non-local
thermodynamical equilibrium (NLTE) line radiative transfer comprises of a set
of non-linear equations, in which the radiation field and the properties of the
medium depend on each other. To solve this problem, one can either resort to
an iterative approach, such as the accelerated lambda iteration of Rybicki and
Hummer [1991] or linearizing the equations [as done in Auer and Mihalas, 1969].
In this paper, we focus on the former approach. In this method, the slowest
calculation step consists of computing the mean line intensity, which requires
us to compute the radiation field at frequencies around the line center in the
comoving frame at each position. To compute the intensity in a single direction,
we require the computed intensity in the same direction from the upwind point.
Therefore, theoretically, we can optimize our computations by reusing previously
computed intensity information, instead of restarting the intensity computation
from the model boundary. However, in case of a non-constant velocity field, we
need to take into account the Doppler shift, which causes the required frequency
ranges to be misaligned at the different positions.
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To address this issue, one can rewrite the radiative transfer equation to the
comoving frame following the approach outlined in Hauschildt [1992], or Castor
[2004], Chapter 6. However, these initial approaches were restricted to using
monotonic velocity fields. In Baron and Hauschildt [2004], Hauschildt and
Baron [2004], the authors proposed a new solution method, which also allows for
a non-monotonic velocity field. Nonetheless, the solution method may encounter
numerical instabilities [see e.g. Sampoorna and Nagendra, 2016, Hauschildt
and Baron, 2004] in case of larger Doppler shifts. In this paper, we will
derive a similar algorithm, and provide a novel, and intuitive method to obtain
a numerically stable numerical discretization. Afterwards, we will evaluate
the accuracy and computational efficiency of the new solver by computing
the radiation field on an AGB hydrodynamics simulation [taken from Malfait
et al., 2024b] and comparing it to the results using a reference Feautrier solver
[Feautrier, 1964]. For accurate results, we require an appropriate angular
discretization for computing the intensity field. We have therefore implemented
an adaptive angular discretization scheme, which generates a different set of
directions for each model position.

This paper is structured as follows: Section 4.2 contains the derivation of
the numerical discretization. Afterwards, we will stabilize the new solver in
Section 4.3 using an intuitive method and provide a simple illustration why this
stabilization is necessary. Afterwards, we describe our implementation of an
adaptive angular discretization scheme in Section 4.4. Finally, we apply this
new method to a 3D hydrodynamics model in Section 4.5, and analyze the
resulting speedup and accuracy.

4.2Comoving frame solver

Solving the radiative transfer equation gives us the difference in intensity between
successive positions. Thus, to calculate the intensity in a specific direction
using ray-tracing, the intensity at the previous position in that direction is
required. For computational efficiency when computing the radiation field, it
would be efficient to use the computed intensity at the previous position both
for calculating the mean intensity at that position and to compute the intensity
at the next position. However non-zero Doppler shifts change the frequency of
the line center in the observer frame. To address this issue, we start from the
comoving frame equation of radiative transfer for a non-relativistic steady flow
[see Eq. 19.156 in Hubený and Mihalas, 2014]

∂I(x, ν)
∂x

− ν

c

(
∂v
∂x

)
∂I(x, ν)
∂ν

= η(x, ν)− χ(x, ν)I(x, ν) (4.1)
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in which I[W sr−1 m−2 Hz−1] denotes the specific monochromatic intensity,
x[m] is the position, v[m s−1] is the velocity of the medium, ν[Hz] is the
frequency in the comoving frame, η[W sr−1m−3 Hz−1] is the total emissivity
and χ[m−1] is the total opacity. We then adapt the equation by moving the ∂I

∂ν
term to the other side, and to improve the numerical stability of the resulting
discretization, we add the term ∂I

∂ν
∂νextra
∂x to both sides. This allows for some

freedom in the resulting numerical discretization, as the choice of νextra(x)
changes the comoving frame frequency along the path. Note that we have not
yet defined νextra(x). For stability reasons (as explained in Section 4.3), this
term should be chosen to connect the (yet to be discretized) frequencies at the
successive spatial points such that the total frequency change in the observer
frame is minimized. The resulting equation becomes:

∂I

∂x
+ ∂I

∂ν

∂νextra
∂x

= η(x, ν)− χ(x, ν)I + ∂I

∂ν

[
ν

c

(
∂v
∂x

)
+ ∂νextra

∂x

]
. (4.2)

Assuming a non-relativistic Doppler shift, the term between square brackets
is the total frequency change in the observer frame ∂νobs

∂x , to which both the
comoving frame and the extra frequency term νextra contribute.

By defining a path s such that1

dx

ds
= 1 (4.3)

dν

ds
= ∂νextra

∂x
, (4.4)

we can apply a change of variables to the left hand side of Eq. 4.2 in order to
obtain

dI

ds
= η(x, ν)− χ(x, ν)I(x, ν) + ∂I

∂ν

∂νobs
∂x

. (4.5)

In this, s is the path length (see Figure 4.1). Given that s and x are equivalent
(except for an additive constant, see Eq. 4.3), we will replace s with x in any
future equation.

By defining the optical depth increment ∆τi along this path with comoving
frame frequency νi(x)2

∆τi =
∫ xj+1

xj

χ(s, νi(s))ds, (4.6)

1The path defined by the set of equations x(s) = s, ν(s) = νCMF + νextra(x), in which
νCMF is a constant, satisfies both equations 4.3 and 4.4.

2For consistency in notation, we already introduce the frequency index i, and the spatial
index j.
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ν

+νextra(x)

x

path s

νCMF

Figure 4.1: Illustration of how the frequency and position change over the path
s, which is used for solving Eq. 4.5. By adding the term ∂I

∂ν
∂νextra
∂x to both sides

of Eq. 4.2, the comoving frame frequency ν is different from a constant value
νCMF which would be used in Eq. 4.1.

we solve equation 4.5 in a similar manner to the formal solution [see e.g., Kunasz
and Auer, 1988]

Ij+1,i = Ij,ie
−∆τi + e−∆τi

∫ ∆τi

0
eτ
(
S + dνobs,i

dτ

∂I

∂ν

)
dτ, (4.7)

in which we denote the discretized intensity I(xj , νi(xj)) as Ij,i and we define
the source function S[W sr−1 m−2 Hz−1] to be

S(x, ν) = η(x, ν)
χ(x, ν) . (4.8)

Given the similarity in its definition with the observer frame optical depth, we
will call τi the effective optical depth.

By discretizing this equation in a similar way to the first order accurate formal
solution-type solvers, we end up with the following discretization

Ij+1,i = Ij,ie
−∆τi + Source + Shift (4.9)

in which the source term is given by
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Source = Sj,i

(
1− e−∆τi −∆τie−∆τi

∆τi

)
+ Sj+1,i

(
∆τi − 1 + e−∆τi

∆τi

)
, (4.10)

in which Sj,i = S(xj , νi(xj)) is the source function at a specific location and
frequency. The shift term is given by, 3

Shift =∆νobs,i
∆τi

∂I

∂ν
|xj ,νi(xj)

(
1− e−∆τi −∆τie−∆τi

∆τi

)
(4.11)

+∆νobs,i
∆τi

∂I

∂ν
|xj+1,νi(xj+1)

(
∆τi − 1 + e−∆τi

∆τi

)

in which ∆νobs,i denotes the frequency difference in the observer frame and
the subscript denotes at which point to evaluate the source function and
derivative. We denote with νobs,i(x) the required frequencies in the observer
frame used at each position to discretize this equation. Therefore, ∆νobs,i =
νobs,i(xj+1)− νobs,i(xj).

To complete the discretization, we utilize a second order accurate forward
discretization for the derivative of the intensity with respect to the frequency
∂I
∂ν

∂I

∂ν
|x=xj ,ν=νi(xj) '

2∑
k=0

cijkI(xj , νi+k(xj)) (4.12)

for which the coefficients cijk are derived in Appendix 4.B and in which νi(xj)
are the discretized frequencies in the comoving frame at each position.

To efficiently solve the coupled set of Equations 4.9 for a single spatial increment,
we will impose one assumption. We will demand that the stencil is chosen such
that all frequency differences ∆νobs,i in the observer frame have the same sign,
which is given by sign of the Doppler shift. After applying appropriate boundary
conditions, the resulting set of equations will become a matrix equation with
an upper or lower diagonal matrix on the left hand side, similar in shape to
the left hand side of Eq. 4.15. We solve this set of equations using Gaussian
elimination in O(Nfrequencies) time.

3We have replaced the term dνobs
dτ

in equation 4.7 with the constant ∆νobs
∆τ . This is an

approximation, as we typically assume the frequency to change linearly with the distance x
in order to compute the optical depth increment ∆τ .
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4.2.1How to practically compute the effective optical
depth

In Eq. 4.6, we have defined the optical depth increments ∆τi using a non-
constant frequency path νi(x). We now explain how to evaluate this expression,
as this formula looks similar to the observer frame optical depth, but is slightly
different.

Starting from any computation method for the optical depth, when filling in
any quantity at a given position x, we also need to substitute the corresponding
frequency ν(x) at that position. For example, in case of the trapezoidal rule,
the optical depth increment ∆τi becomes

∆τi = ∆xχ(xj , νi(xj)) + χ(xj+1, νi(xj+1))
2 , (4.13)

in which ∆x is the distance increment.

4.2.2Instabilities

In two papers [Sampoorna and Nagendra, 2016, Hauschildt and Baron, 2004],
numerical instabilities have been observed when applying the method of Baron
and Hauschildt [2004] to models with large velocity gradients, but the origin of
the instabilities was not discussed in these papers. We argue that the numerical
instabilities are caused by an extrapolation in the frequency discretization,
based on the stability criterion we derive in Section 4.2.3. The criterion states
that numerical stability becomes worse as the Doppler shift increases relative
to the spacing between adjacent frequencies in the frequency discretization [see
also Section 6.6 in Castor, 2004].

To illustrate the instabilities which can occur, we have created a simple 1D
single ray model with a single line transition u→ l using a Gaussian line profile
φul

φul(x, ν) = 1
δνul(x)

√
π
e
− (ν−νul)

2

δνul(x)2 , (4.14)

in which δνul is the line width and νul is the line center. The setup is described
in Table 4.1. To properly showcase the possible numerical instabilities, we have
defined this model with high optical depths and moderate Doppler shift. As we
have defined the model such that the source function S = 1.0 is constant, and
the initial intensity is 0, we expect from the formal solution that the intensity I
in the entire frequency range is bounded from above by 1.0. However, when
applying the comoving solver, if the path s is following the Doppler shift in
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Figure 4.2: Illustration of the numerical behavior of the comoving solver, when
following the Doppler shift in order to determine the discretization. All intensity
profiles at the different positions are plotted in the comoving frame, centered
around the line center νul. Numerical oscillations are present in the computed
intensity.

Table 4.1: Parameters for the 1D model with a constant velocity gradient. To
evaluate the intensities, we use a uniform frequency discretization with spacing
∆νs. Between successive points at distance ∆x, the Doppler shift causes a
constant observer frame frequency difference ∆vobs. The boundary intensity is
set to 0. All units are re-scaled in dimensionless units such that the line width
δνul = 1.0 and the line optical depth

∫ 1
0 χ/φul dx over a unit distance is 1.0.

χ/φul η/φul S ∆νs ∆x ∆vobs
1.0 1.0 1.0 δνul/4 5.0 1.1δνul

frequency space, we observe oscillations (see Figure 4.2), pushing the computed
intensities above the value of the source function, which is nonphysical.
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4.2.3Derivation of the stability of the comoving solver

Given the numerical instabilities described in the previous section, we derive
the stability criterion for our discretization in this section. Therefore, we apply
perturbation analysis to the discretized equations for the position interval
[x0, x1]. The resulting set of equations can be written as a matrix equation,
for which we will compute the eigenvalues. We have assumed the frequency
differences ∆νi to be positive (a similar derivation can be made for negative
∆νi). To complete the set of equations, boundary conditions have been posed
on I(x1, νn−1(x1)), I(x1, νn(x1)).


1 +A1 B1 C1 . . . 0

... . . . . . . . . . ...
0 . . . 1 +An−2 Bn−2 Cn−2
0 . . . 0 1 0
0 . . . 0 0 1




δI1,1
...

δI1,n−2
δI1,n−1
δI1,n

 =


e−∆τ1 +A′1 B′1 C ′1 . . . 0

... . . . . . . . . . ...
0 . . . e−∆τn−2 +A′n−2 B′n−2 C ′n−2
0 . . . 0 0 0
0 . . . 0 0 0




δI0,1
...

δI0,n−2
δI0,n−1
δI0,n

 , (4.15)

in which we define δIj,i as the perturbation on I(xj , νi(xj)). In this equation,

Ai = −ci10
∆νobs,i

∆τi

(
∆τi − 1 + e−∆τi

∆τi

)

Bi = −ci11
∆νobs,i

∆τi

(
∆τi − 1 + e−∆τi

∆τi

)

Ci = −ci12
∆νobs,i

∆τi

(
∆τi − 1 + e−∆τi

∆τi

)
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On the right-hand side, we have similarly defined

A′i = ci00
∆νobs,i

∆τi

(
1− e−∆τi −∆τie−∆τi

∆τi

)

B′i = ci01
∆νobs,i

∆τi

(
1− e−∆τi −∆τie−∆τi

∆τi

)

C ′i = ci02
∆νobs,i

∆τi

(
1− e−∆τi −∆τie−∆τi

∆τi

)

The eigenvalues of this system of equations determine the stability of this
discretization. To find them, one can exploit the properties of upper diagonal
matrices: the inverse of an upper diagonal matrix also being an upper diagonal
matrix and the multiplication of two upper diagonal matrices still being an
upper diagonal matrix. Thus, by inverting the matrix on the left-hand side
(multiplying it together with the one on the right-hand side), another upper
diagonal matrix is obtained. For an upper diagonal matrix, one can simply find
the eigenvalues λi by looking at the diagonal. The resulting diagonal elements
are given by:

λi = e−∆τi +A′i
1 +Ai

. (4.16)

As equation (4.16) is too dense, we will first define the constants di = ci10∆νobs,i,
d′i = ci00∆νobs,i. These quantities are related to the ratio of frequency difference
∆νobs,i versus the width of the frequency discretization. Then by rewriting, one
finds the stability condition to be

λi =
∆τ2

i e
−∆τi + d′i

(
1− e−∆τi −∆τie−∆τi

)
∆τ2

i − di (∆τi − 1 + e−∆τi) . (4.17)

The result is that this discretization is almost unconditionally stable4, meaning
that |λi| ≤ 1, given that coefficients ci00, ci10 < 0 if all frequencies are ordered
(see Appendix 4.B). Assuming ci00 = ci10, and ∆τi > 0, both terms of the
numerator are smaller (in absolute value) than the corresponding (strictly
positive) terms in the denominator, and thus |λi| < 1. However, oscillatory
behavior (−1 / λi < 0) can exist if the parameters di, d′i are large. This
corresponds to extrapolating the frequency derivative terms.

4Due to the possible difference between ci10 and ci00, no guarantee exists for stability. This
corresponds with the contraction/expansion of the frequency discretization. The existence
of maser regimes, for which ∆τ < 0, is also ignored, as the frequency derivative will not be
sampled well in that regime.
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4.3Frequency matching

In the preceding section, we have derived the comoving solver and its properties
regarding numerical stability. Given the potential for numerical instabilities to
produce nonphysical results, we require a method to mitigate these numerical
effects without significantly affecting computational efficiency. In this section,
we describe a novel, yet intuitive method for stabilizing numerical discretizations
of transport equations in order to reduce numerical oscillations in the computed
result.

4.3.1A novel way to sidestep numerical instabilities

Upon examining the stability criterion (Eq. 4.17), two apparent methods
emerge to improve numerical stability: either insert extra points in-between
for interpolating the velocity difference, therefore reducing the Doppler shifts
between successive spatial positions, or coarsen the frequency discretization.
However, neither solution is appropriate for our purposes: in the former case, the
computation time increases, contradicting the objective of this paper, while in
the latter case, the accuracy decreases when computing the mean line intensity.
In order to reach our goal of numerical stability, we must explore alternative
approaches.

The main stability issue arises from the extrapolation of the frequency differences,
due to the change in frequency being dictated by the Doppler shift, which can be
greater than the spacing of the frequency discretizations. Therefore, the stability
issues could be resolved by minimizing the frequency changes. This can be
achieved by altering how to connect the frequency discretizations of successive
spatial positions. The most straightforward approach involves mapping all
frequency indices one-to-one from low to high frequency. However, mapping all
frequency indices is not required. Instead, we can do the mapping in such a
way which ensures the frequency differences to be minimized. This solves our
numerical stability issues at the cost of extra boundary conditions (see Figure
4.3 and Sect. 4.3.2). To illustrate the impact of this method, we apply it to
the simple 1D ray model described in Table 4.1. By mapping the frequency
discretization such that the observer frame frequency differences ∆νobs,i are
minimal (see Eq. 4.18), we obtain the results in Figure 4.4. No numerical
oscillations occur, and the computed intensities remain below the value of the
constant source function S. We prove that this method makes the numerical
discretization always stable in Appendix 4.C (except for maser-like conditions).

For practically implementing this method, we recommend using the observer
frame to evaluate the frequency difference, as the objective is to minimize
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classical
x

𝜈

Figure 4.3: Illustration of the different ways to match frequencies in the comoving
solver. Intuitively, one would connect the frequencies by following the doppler
shift (classical). By minimizing the frequency difference in the observer frame
instead (freq match), numerical instabilities can be suppressed, at the cost of
extra boundary conditions, as less frequency points are connected.
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Figure 4.4: Illustration of the numerical behavior of the comoving solver, when
matching the frequencies in order to determine the discretization. No numerical
oscillations can be seen in this plot, in contrast to when letting the frequencies
follow the Doppler shift. For a better comparison with Figure 4.2, we have
added the data of that figure as dotted lines in this figure.
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|∆νobs,i| when constructing the stencil. Assuming frequency discretizations
νobs,i(xj), νobs,i(xj+1), determine the stencil for all νobs,i(xj+1) such that

|∆νobs,i| =
∣∣νobs,ij+1(xj+1)− νobs,ij (xj)

∣∣ (4.18)

is minimized, in which ij , ij+1 are the frequency indices to connnect. For ease
of solving the comoving formulation of the radiative transfer equation (Eq.
4.5), make sure that the sign of νobs,ij+1(xj+1) − νobs,ij (xj) is positive for all
νobs,i(xj+1) in case of a positive Doppler shift (∆v > 0) and vice versa. In this
way, we either obtain an upper or a lower diagonal matrix for the system of
equations to solve when discretizing the equation using Eq. 4.9. In Section
4.3.2, we will explain how to implement the boundary conditions.

As a side note, when taking the limit of an infinitely dense frequency
discretization, resulting in |∆νobs,i| → 0, the discretized equations will converge
to the observer frame formulation, given that the Shift term in Eq. 4.9 is linearly
dependent on ∆νobs,i.

4.3.2Dealing with boundary conditions

Matching the frequencies introduces extra boundary conditions, due to
not mapping the entire frequency discretization. Given the complexity of
implementing these boundary conditions, we provide a brief overview of our
approach in this section. A more comprehensive explanation can be found in
Appendix 4.A.

In general hydrodynamics models, the velocity profile is usually non-monotonic.
In this paper, we assume the intensities to only change due to the influence
of molecular lines, meaning that the intensities at frequencies sufficiently far
enough from the line centers, remain constant. The comoving method discards
information at the frequencies it is moving away from. Consequently, during
any later computation, it might re-encounter frequencies for which it has
discarded the previously computed intensities, as illustrated in Fig. 4.5. To
address this issue, we have implemented two different approaches. A first
approach involves temporarily storing the computed intensities and reusing them
when re-encountering the corresponding frequencies, which requires extensive
bookkeeping. Alternatively, for a simpler, more approximate implementation,
one can disregard the previously computed intensities entirely, always filling in
the boundary conditions using black-body intensities. However, this method is
only strictly valid if the non-monotonicity of the velocity field is minor compared
to the total width of the frequency discretization. While we expect the former
approach to be more accurate, it is also more time-consuming than the latter
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x

ν

νul

Reuse discarded intensities

Figure 4.5: Illustration of why extra boundary conditions are required for the
comoving solver. The line center νul, together with the bounds of the frequency
discretization (in grey) move according to the Doppler shift. As we shift the
discretization, the computed intensities at frequencies outside of the current
frequency discretization will be discarded. Inside the dash-dotted regions, we
require previously computed intensity information as we re-encounter these
frequencies.

approach.

4.3.3A benchmark with non-monotonic velocity field

To show the impact of the different treatments of the frequency boundary
condition (see Section 4.3.2) on the accuracy, we devise a minimal benchmark
with a non-monotonic velocity field to compare the computed mean line
intensities Jul (see Eq. 4.20) of the different solvers. This benchmark involves a
1D model of a single ray, where we compute intensities for the CO v= 0 J=1− 0
line5. We will compare the mean line intensity computed using the comoving
solver against the value computed using an established solver, the Feautrier

5The line data is obtained from the LAMDA database, available at https://home.strw.
leidenuniv.nl/~moldata/.

https://home.strw.leidenuniv.nl/~moldata/
https://home.strw.leidenuniv.nl/~moldata/
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solver [Feautrier, 1964], as implemented in Magritte [see e.g. Ceulemans
et al., 2024, De Ceuster et al., 2022]. We will test both implementations of
the frequency boundary conditions. To properly assess the capability of the
solver in handling non-monotonic velocity fields, we opt for a sinusoidal velocity
prescription (see Fig. 4.6), with its amplitude several times the width of the
frequency discretization around each line. Since this is a benchmark for the
non-monotonic behavior of the velocity field, we keep all other parameters
constant. The velocity profile is given by a sinusoidal function with period
of 60 model points and amplitude 2.5 · 103 m/s. The model assumes LTE, a
Gaussian line profile (see Eq. 4.14) and corresponding line width δνul computed
according to

δνul(x) = νul
c

√
2kbT
mspec

+ v2
turb. (4.19)

In this equation, kb = 1.38 · 10−23J K−1 denotes Boltzmann’s constant, T [K]
represents the local gas temperature, mspec[kg] is the gas species mass and
vturb[m s−1] is the turbulent velocity.

We use a Gauss-Hermite quadrature, using 25 frequencies for the frequency
discretization. The spatial domain is linearly discretized with 150 points,
using a spacing of 1.0 · 1011 m between them. Finally, the gas temperature is
500 K and the CO number density is given by 1.0 · 108 m−3. This benchmark
represents a simplified version of a slice of the spiral outflow originating from
the binary interaction between an AGB star and a companion, which represents
our application in Section 4.5.

In this benchmark, a correct treatment of the frequency boundary is required
(compare Fig. 4.6 with Fig. 4.5). We will compare the results of the different
solvers using the mean line intensity

Jul(x) = 1
4π

∮
Ω

∫ +∞

0
I(n̂,x, ν)φul(ν)dΩdν. (4.20)

As expected, the approximate version of the comoving solver performs poorly
(see Fig. 4.7). The computed mean line intensity is significantly lower
than the reference intensity because this implementation does not store the
previously computed intensities. The version with correct boundary conditions
obtains similar results to the reference Feautrier solver, with a mean absolute
relative difference in mean line intensity Jul of 2% for the CO v=0 J=1-0 line.
However, the comoving solver is more dissipative than the Feautrier solver. This
benchmark served a proof of concept, to show that we can apply the comoving
solver to non-monotonic velocity field. We refer the reader to Section 4.5 for an
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Figure 4.6: The non-monotonic velocity profile of the comoving solver boundary
condition benchmark. Both the velocity at each position and corresponding
bounds of the frequency discretization (converted to velocity using the Doppler
shift) are present. For most of the domain, the boundary conditions we evaluate
require previously computed intensities (see Fig. 4.5).
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Figure 4.7: The computed mean line intensity Jul for the CO J=1-0 v=0 line, for
the 1D benchmark model with a sinusoidal velocity field. The computed results
from the comoving solver with correct frequency boundary conditions agree
with the reference values obtained from the Feautrier solver. The comoving
solver with approximate boundary conditions fails the benchmark, given that
the velocity field of the model is significantly non-monotonic.

application of this solver to a 3D hydrodynamics model. Please note that the
result of this benchmark does not imply that one must always use fully correct
frequency boundary conditions. In situations where the non-monotonicity of the
velocity field is insignificant, using approximate frequency boundary conditions,
which require less computation time, may suffice.

4.4Adaptive angular discretization

When computing angle-averaged mean intensities in a model using ray-tracing,
the chosen angular discretization impacts the results. The simplest option is to
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use a uniform angular discretization at each position in the model. However,
when the incoming intensity varies significantly depending on the angle, this
approach can result in numerical artifacts, as smaller angular features cannot
be resolved with a coarse discretization. For example, when applying radiative
transfer on the hydrodynamics model in Section 4.5, the computed mean
intensity field shows rays originating from the dense model center, due to the
higher intensity originating from this small, dense region (see Fig. 4.8).

To solve this numerical issue, we will not naively increase the density of the
angular discretization, as this will significantly increase the overall computational
cost. Instead, we will determine for each position a good set of directions to
use. For every point, we estimate the density of the direction vectors towards
the other points in the model on a fine discretization of the entire solid angle.
The regions of the solid angle with the highest density require a fine angular
resolution, while the other regions can be approximated using coarse angular
resolution.

4.4.1Adaptive angular discretization algorithm

In this section, we will explain the algorithm [inspired by De Ceuster et al., 2020]
that we use to generate the adaptive angular discretization, and how to apply
this to the comoving solver. The algorithm allows us to achive a proper angular
resolution for small-scale features at any given point by adaptively assigning
an angular resolution depending on the density of model points around a given
direction. This allows us to efficiently resolve the star or the companion object
at positions far away from these objects, by using a relatively low amount of
directions for evaluating the radiative transfer equation.

We initialize the algorithm by specifying the discretization level of the Healpix
sphere. In this paper, we have chosen the 5th discretization level, which contains
to 12 · 22·5 = 12288 pixels. Since the computation time for the mean intensity
scales linearly with the number of angles, we want to minimize the number of
directions. Every individual point requires a different angular discretization, as
the regions of interest lie in a different position relatively to the position of the
point. For computation time scaling purposes6, we will first select a randomly
chosen set of points used to infer which model regions should be sampled more
densely (totaling 10000 points in this paper). To shorten notation, we define the
“pixel count” to be the number of sample points for which their relative position
to the current point has a direction contained in the pixel of the Healpix

6Figuring out at each position in which pixel all other points lie, costs O(N2
points)

computation time. A randomly chosen subset will be used as a proxy for the location
of all points.
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[Górski et al., 2005] discretization of the sphere. We give the algorithm for
generating the adaptive angular discretization for a single position in Listing
4.1.

Listing 4.1: Adaptive direction discretization algorithm. We denote the pixel
count with P (a, n), using angle index a, discretization level n ∈ 0, . . . , N , with N
being the finest level. The Healpix angular discretization recursively subdivides,
such that P (a,N−1) =

∑3
i=0 P (4a+ i,N). Finally, M is the maximum amount

of pixels to subdivide per discretization level (2 in this paper).
1 Create empty list L of discretized angles
2 Compute pixel count P (a, N)
3 Compute P (a, N − 1) =

∑3
i=0 P (4a + i, N)

4 Subdivide M pixels with highest P (a, N − 1), adding 4M pixels to L
5 Compute P (a, N − 2) =

∑3
i=0 P (4a + i, N − 1)

6 Identify pixels at level N − 2 which contain pixels in L, denote count with
C ≤M

7 Add the corresponding subpixels which do not yet overlap with any pixels in L,
to L

8 Find other M-C pixels with highest P (a, N − 2), adding 4(M-C) pixels to L
9 Repeat steps 5 to 8 for each coarser level until either the entire solid angle is

subdivided or the coarsest level is reached. Add remaining pixels at level 0 to
L, such that L covers the entire solid angle.

10 Return L

Note that as Magritte requires point-wise symmetric directions (needed for
the Feautrier solver), we apply this algorithm to only half of the solid angle. To
achieve this, we have mapped the entire sphere onto half a sphere by considering
the maximal count of the point-wise symmetric pixels over both halves.

The algorithm above describes the angular discretization used in the Feautrier
solver. For the comoving solver, we need to slightly modify the ray-tracing
algorithms. As a first implementation, we will only reuse intensities if the
direction of the ray is a part of the angular discretization of another point on
the ray. Do note that this results in a reduced efficiency of the comoving solver
when compared to using a uniform angular discretization, as less information
will be reused, and therefore radiative transfer will need to be computed on
more rays. As future work, an interpolation scheme might be implemented in
order to evaluate the mean intensity using intensities from directions which do
not exactly match the angular discretization at a specific point. However, this
is out of scope for this paper.
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Table 4.2: Phantom model “v10e00" model parameters
AGB stellar mass Mp 1.5M�
AGB stellar temperature Tp 3000 K
Companion mass Ms 1M�
Initial wind speed vini 10 km/s
Semi-major axis a 6 AU

4.5Application

In the previous sections, we considered 1D radiative transfer. For quantifying
the speed and accuracy of the new solver, we have implemented the comoving
solver in Magritte [Ceulemans et al., 2024, De Ceuster et al., 2022, De Ceuster
et al., 2020, 2019] and we will compare it against the well-established Feautrier
solver [Feautrier, 1964] by computing NLTE line radiative transfer in a 3D
Phantom [Price et al., 2018] model. As Magritte is a ray-based 3D radiative
transfer code, it computes the radiation field by solving many 1D radiative
transfer problems7. The comoving solver can therefore replace the Feautrier
solver in the intensity calculation step.

The model “v10e00” taken from Malfait et al. [2024b] is a smoothed particle
hydrodynamics simulation of an AGB star with a companion star. The model
parameters can be found in Table 4.2. In this model, we assume a CO/H2
abundance ratio of 10−4 and will be using the CO v=0 J=0 to J=40 v=0
levels available from the LAMDA database [Schöier et al., 2005]. Velocities,
temperatures and H2 densities are taken from the hydrodynamics model. We
have implemented two versions of the comoving solver, each using a different
treatment of the boundary conditions, as explained in Section 4.3.2. The version
with approximate boundary condition will be denoted by ‘comoving approx’.
Since the timings and accuracy results between these two approaches vary, we
will test both on the model to compare them versus the Feautrier solver. All
simulations in this section were run on a server with dual AMD EPYC 7643
socket, utilizing all 192 threads. We compare the results of the different solvers
using the mean line intensity Jul (see Eq. 4.20).

4.5.1Uniform angular discretization

In this section, we compare the solvers using a uniform angular discretization,
based on the second discretization level of the Healpix [Górski et al., 2005],

7For the radiation field, we require the intensity at every position, discretized direction
and discretized frequency in the comoving frame.
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Table 4.3: Time required to compute NLTE level populations (5 iterations) on
the Phantom model, containing 885501 points and using a uniform angular
discretization. To illustrate the maximum possible obtainable speedup (assuming
all algorithms taking the same amount of time per computed ray), we also
add the number of rays used to compute the intensity field per solver. This
table compares the Feautrier solver, the comoving solver with correct boundary
conditions, and the comoving solver with approximate boundary conditions.

Method Time[s] Rays [.]
Feautrier 9.7 · 103 2.1 · 107

Comoving 4.8 · 103 9.3 · 105

Comoving approx 1.9 · 103 9.3 · 105

containing 48 discrete ray directions.

On Fig. 4.8, we notice that the relative differences between the intensities
obtained using the comoving and the Feautrier solvers seem to be quite high
on some straight rays which originate from the dense model center. These
numerical artifacts have already been explained in Section 4.4. Due to the
presence of the aforementioned numerical artifacts, the obtained results might
not be fully representative, but for completeness, we still include the timings
and accuracy results in this section.

We find that the comoving solver with accurate boundary conditions has relative
differences in NLTE intensities less than 1% for 89% of model points, when
compared to the Feautrier solver (see Fig. 4.9). The comoving solver with
approximate boundary conditions has relative differences in mean intensities
below 1% for 75% of the model points. The timings show (see Table 4.3)
that both comoving solvers provide significant speedups when compared to the
Feautrier solver. The reuse of computed intensities in the comoving solvers
results in significantly less rays being used for computing the intensity field,
when compared to the Feautrier solver.

4.5.2Adaptive angular discretization

In order to be able to compare the comoving solver of this paper and the
reference Feautrier method without the presence of numerical artifacts, we
implement an adaptive angular discretization, as explained in Section 4.4. As
seen in Fig. 4.10, both versions of the comoving solver perform well in the
outside regions of the model. But, the comoving solver version with more correct
treatment of the boundary, is more accurate in the center of the model, where
the velocity field is non-monotonic (see Fig. 4.11). We remark that we have not
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Figure 4.8: Slice plot of the relative differences between the computed mean
line intensity Jul for the CO v=0 J=2-1 line using the Feautrier solver and the
comoving solver. Left: using the uniform angular discretization. Right: using
the adaptive angular discretization. We plot both the intensity in case of LTE
and the self-consistent intensity after convergence (NLTE). On the left, we see
high relative differences on straight rays emerging from the model center, which
is an effect of the limited angular discretization.
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Figure 4.9: Cumulative difference between the computed mean line intensity Jul
for the CO J=2-1 v=0 line using the Feautrier solver and the comoving solvers,
when using a uniform angular discretization. Both the differences in case of a
single iteration after setting the level populations ni to LTE (in blue) and the
difference after letting the level populations converge (in orange). The figure
shows the results for the correct boundary conditions described in Section 4.3.2
as solid lines and the results when using the approximate boundary conditions
as dashed lines.
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been able to fully eliminate the numerical artifacts seen in Section 4.5.1. We
think this to be caused due to the rays used in the comoving solver not passing
exactly through each model point, which slightly changes the viewing angle
towards the dense regions. The numerical artifacts are not occurring in the
approximate version of the comoving solver because the intensity information
from the dense center gets lost due to Doppler shifts. By further increasing the
angular resolution (as done in Appendix 4.D), we can suppress the numerical
artifacts. In Fig. 4.12, we see that the relative differences of the mean line
intensity Jul at NLTE, compared to the value computed using the Feautrier
solver, lie below 1% for 94% of the points in the model in case of the comoving
solver, and below 1% for 78% of the points in the model in case of the comoving
solver with approximate boundary conditions. We find that the adaptive angular
discretization has a significant impact on the computational performance, due
to decreased reuse of the computed intensities I(n̂,x, ν) on rays, as different
positions now require a different set of directions. As shown in Table 4.4, we
need relatively more rays to compute the entire intensity field, compared to
the uniform angular discretization case (about 10% of the rays used by the
Feautrier solver compared to 5% when using a uniform angular discretization).
This results in an insignificant speedup for the comoving solver with correct
boundary conditions, and a significantly lower speedup for the comoving solver
with approximate boundary conditions, compared to Section 4.5.1.

In this model, which has a spherically symmetric outflow perturbed by
a companion, it appears that the more correct boundary conditions are
unnecessary for the outer regions of the model. In these areas, the velocity field
can be approximated by a monotonic profile for most directions of the entire
solid angle. The only region where the more accurate boundary conditions are
required, is the very center of the model. In all other regions of the model,
disregarding the non-monotonic behavior of the velocity field may result in
insignificant errors, potentially allowing us to save computation time (compare
both versions of the comoving solver in Table 4.4).

4.6Limitations

All tests above were done using Doppler shifts between successive positions
significantly smaller than the width of the frequency discretization (of the
individual lines). The stabilization method breaks down when the Doppler shift
becomes similar size of large than the width of the frequency discretization, as
then all computed data will be evaluated using boundary conditions. So for
larger Doppler shifts, this method may fail; however, this criterion is always
evaluated relative to the width of the frequency discretization. For example,
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Figure 4.10: Slice plots of the relative differences between the computed mean
line intensity Jul for the CO J=2-1 v=0 line using the Feautrier solver and
both comoving solvers. The relative differences in mean line intensity have
been calculated both after a single iteration starting from LTE (LTE) and after
convergence (NLTE).
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Figure 4.11: Zoomed in slice plot of the velocity field of the Phantom
hydrodynamics model. The arrows denote the direction of the velocity field.

Table 4.4: Time required to compute NLTE level populations (5 iterations)
on the Phantom model, containing 885501 points, using an adaptive angular
discretization. To illustrate the maximum possible obtainable speedup, we also
add the number of rays used to compute the intensity field per solver. Do note
that this theoretical speedup assumes that all computation methods require
the same computation time per ray. This table compares the Feautrier solver,
the comoving solver with correct boundary conditions, and the comoving solver
with approximate boundary conditions.

Method Time[s] Rays[.]
Feautrier 1.9 · 104 3.2 · 107

Comoving 1.8 · 104 3.1 · 106

Comoving approx 7.2 · 103 3.1 · 106



98 COMOVING SOLVER

Figure 4.12: Cumulative difference between the computed mean line intensity
Jul for the CO J=2-1 v=0 line using the Feautrier solver and the comoving
solvers with an adaptive angular discretization. Both the differences in case of
a single iteration after setting the level populations ni to LTE (in blue) and the
difference after letting the level populations converge (in orange). The figure
shows the results for the correct boundary conditions described in Appendix 4.A
as solid lines and the results when using the approximate boundary conditions
as dashed lines.
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Wolf-Rayet stars may exhibit very strong winds, with terminal velocities on the
order of 1000 km/s [see Fig. 9 of Poniatowski et al., 2021], but the corresponding
radiative transfer models are typically not evaluated line-by-line because of
the resulting Doppler shifts. Thus, as long as the encompassing frequency
distribution is significantly wider than the maximum Doppler shift per position
increment, this method is still applicable.

4.7Conclusion

In this paper, we have derived a computationally efficient, numerically stable
method for calculating the radiation field in line radiative transfer by enabling
reuse of previously computed intensities. Compared to the comoving frame
solution methods found in the literature [see e.g. Baron and Hauschildt, 2004,
Hauschildt and Baron, 2004, Castor, 2004], our new stabilization method ensures
numerical stability, no matter whether the size of the Doppler shifts is smaller
or larger than the utilized frequency discretization. We derive the computation
method in Section 4.2, where we have discretized a version of the 1D radiative
transfer equation which allows for a change in frequency, similar to [Baron and
Hauschildt, 2004, Hauschildt and Baron, 2004]. We prove that the numerical
stability of the method mostly depends on the ratio of the Doppler shift versus
the spacing of the frequency discretization (see Section 4.2.3). To improve
the numerical stability of the discretization, we introduce a technique we call
frequency matching, detailed in Section 4.3. In this technique, we ensure
that the frequency paths νi(x) used for discretizing the equations cover the
shortest possible distance in frequency space. Through a simple 1D plane-
parallel example (see Sections 4.2.2, 4.3.1), we show that this modification
can significantly reduce the oscillatory behavior of the resulting solver. This
frequency matching procedure introduces additional boundary conditions in our
numerical discretization, which we treat in Section 4.3.2. The importance of
using an appropriate implementation for the boundary condition is demonstrated
in Section 4.3.3. In the first implementation, the previously computed intensities
are stored and interpolated to obtain an accurate estimate for intensities at later
points, while the second implementation always assumes a black-body intensity.
Afterwards, we apply this computation method to an actual 3D hydrodynamics
model in Section 4.5 in order to assess both its accuracy and speedup compared
to the Feautrier solver [Feautrier, 1964], using two different treatments for
the boundary condition. In our application, we noticed numerical artifacts
appearing in the results for all solvers, due to the uniform angular discretization
we used to compute the mean intensity. Therefore, we devised a method to
adaptively sample the angular discretization of the solid angle to eliminate these
numerical effects (see Section 4.4). It should be noted, however, that this new
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angular discretization results in reducing the computational efficiency for the
comoving solvers by a factor 2, due to the more limited reuse of the computed
intensity. The comoving solver with more accurate boundary conditions is more
precise than the other implementation, especially in the inner, more turbulent
regions of the model, but is also significantly slower than the more approximate
implementation. The former achieves speedup of a factor 2 compared to the
Feautrier solver when using a uniform angular discretization, but this speedup
becomes negligible when using an adaptive angular discretization. Similarly,
the latter implementation obtains a speedup of a factor 5, which drops to a
factor 2.5 when an adaptive angular discretization is used.
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4.ABoundary condition implementation

For the comoving solver, we require extra information on outermost frequencies
of the frequency discretization. These are boundary conditions. If only line
radiative transfer is considered (and no continuum sources, such as dust), the
intensities at frequencies far away from the line centers, can be considered
constant. One possibilty is to use the initial intensities, computed at the start

https://github.com/Magritte-code/Magritte
https://github.com/Magritte-code/Magritte
https://github.com/Magritte-code/Magritte_Paper_Comoving
https://github.com/Magritte-code/Magritte_Paper_Comoving
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of the ray, as boundary conditions. To simplify the explanation later on, we
call these initial boundary conditions. At other places, we might require an
intensity at a frequency we have encountered before, but have doppler shifted
away from (see Fig. 4.5). This can happen because of a non-monotonic velocity
field. In the next part, these are called returning boundary conditions.

As implementing both frequency matching (as defined in Section 4.3) and
appropriate boundary conditions together in a numerical code is complicated8,
we describe in this appendix how we implemented this in Magritte9 Ceulemans
et al. [2024], De Ceuster et al. [2022], De Ceuster et al. [2020, 2019].

4.A.1The philosophy behind the implementation

When computing the intensity using the comoving solver, one does not know in
advance which intensities (at a specific frequency and position) will be required
by a returning boundary condition. To prevent the excessive use of if-clauses
and to simplify the code a bit, we will first map all data needed (source functions
Sj,i, optical depth increments ∆τ , frequency derivative coefficients cijk, and
position index10 to start from) to do the computations on a single ray, before
computing any intensity. It turns out that the general discretization of the
co-moving frame formal solution (see Eq. 4.9) is flexible enough for us to
implement boundary conditions using the same computations. We will therefore
exploit the formulation to make computation consistent.

For an initial boundary condition, one can put the frequency derivative
coefficients cijk to 0, the optical depth ∆τi very large (e.g. ∆τi = 50) and the
source functions Sj,i, Sj+1,i equal to the boundary intensity Ibdy. In this way,
the computed intensity will be approximately equal to the boundary intensity
Ibdy:

Ij+1,i = Ij,ie
−∆τi + Ibdy

(
1− e−∆τi

)
' Ibdy. (4.21)

In case of a boundary condition for which we already have computed intensities
at frequencies around the requested frequency, we can interpolate these previous
results by noticing that the required frequency lies between two frequencies

8The authors are not aware of any other literature describing a numerical method with
similar implementation challenges. Therefore we consider this algorithm to be a first
implementation attempt, which can be further optimized.

9Available at https://github.com/Magritte-code/Magritte
10The position index is required for the practical implementation of boundary conditions. If

we happen to Doppler shift away from and back to a specific frequency during the computations
on a single ray, we need to interpolate based on intensities computed from the previous position.

https://github.com/Magritte-code/Magritte
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νi < νi+1 from which we shifted away on previous points on the ray. Then we
linearly interpolate those previous intensities in order to obtain a boundary
intensity. This can be done by pointing the computation data towards using the
intensities at those frequencies at the corresponding previous points, and setting
the frequency derivative coefficients cijk for the explicit part of the computations
to [−2/(νi+1(xj)−νi(xj)), 2/(νi+1(xj)−νi(xj)), 0], for the implicit part to 0 and
setting the optical depth ∆τi to almost zero11, e.g. ∆τi = 10−10. The source
functions Sj,i, Sj+1,i will be put to 0. The resulting equation will interpolate
the intensity:

Ij+1,i = Ij,ie
−∆τi + ∆νobs,i

∆τi
2Ij,i+1 − 2Ij,i

νi+1(xj)− νi(xj)

(
1− e−∆τi −∆τie−∆τi

∆τi

)

' Ij,i + ∆νobs,i
νi+1(xj)− νi(xj)

(Ij,i+1 − Ij,i) (4.22)

4.A.2Determining the frequency boundary points

Now we still need to decide when to use boundary conditions, and to which
type they belong. Assume that we want to compute intensities starting from
the start of a ray, until we reach the end. For determining the boundary
conditions, we will start from the last point of the ray instead. First, we note
down the frequency range which is spanned by each frequency quadrature of all
lines, excluding the boundary points required for the discretization in frequency
space and store these boundary frequencies in a map12, using frequency as key
and spatial position index as value. Second, we compare the currently stored
map of boundary points against the currently spanned frequency ranges, if
any boundary frequencies are contained, then (at intensity calculation time)
these are returning boundary conditions and should be interpolated using the
encompassing frequencies at the current spatial position. If so, they can be
removed from the map of still to match boundary frequencies. This procedure
is then repeated at all previous spatial positions of the ray, from end to start.
Afterwards, if any boundary points remain in the map, they are then treated as
initial boundary conditions.

11Using ∆τi = 0 is not recommended, due to dividing by zero in both the source and shift
term of Eq. 4.9 Note that in the limit ∆τi → 0, both terms converge to a limit value, thus it
is possible to evaluate these terms using Taylor expansions when ∆τi close to 0.

12The map type should allow for duplicate keys, as it can happen that the required
frequencies at different spatial positions may overlap (e.g. in case of no velocity difference
between successive points). In C++, we use the std::multimap for this.
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4.BDiscretization of a second order accurate fre-
quency derivative

For a second order accurate frequency derivative in ν, we need to derive the
quadrature coefficients. These are found by solving the following system of
equations 

∑
k∈{0,1,2} cijk = 0∑
k∈{0,1,2} cijk(νi+k(xj)− νi(xj)) = 1∑
k∈{0,1,2} cijk(νi+k(xj)− νi(xj))2 = 0

(4.23)

Solving the third equation, we get

cij1 = −cij2
(νi+2(xj)− νi(xj))2

(νi+1(xj)− νi(xj))2 .

This, we fill in into the second equation

cij2

(
(νi+2(xj)− νi(xj))−

(νi+2(xj)− νi(xj))2

νi+1(xj)− νi(xj)

)
= 1

and we find:

cij2 = (νi+1(xj)− νi(xj))
(νi+2(xj)− νi(xj))(νi+1(xj)− νi(xj))− (νi+2(xj)− νi(xj))2

Thus cij1 is given by

cij1 = (νi+2(xj)− νi(xj))
(νi+2(xj)− νi(xj))(νi+1(xj)− νi(xj))− (νi+1(xj)− νi(xj))2

The explicit form13 of cij0 is given by

cij0 = 1
νi+2(xj)− νi+1(xj)

(
νi+1(xj)− νi(xj)
νi+2(xj)− νi(xj)

− νi+2(xj)− νi(xj)
νi+1(xj)− νi(xj)

)
and is always negative if νi(xj) < νi+1(xj) < νi+2(xj).

4.CProof of numerical stability when using frequency
matching

Starting from the stability criterion (Eq. 4.17), we investigate whether the
computed result could still exhibit oscillatory behavior in the worst conditions

13The explicit form is only useful for derivations; use cij0 = −cij1 − cij2 for any practical
implementation.
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possible. For this proof, we assume that ∆νobs,i ≥ 0, but an analogous proof
can be made in case of negative Doppler shifts. We start by giving a lower
bound for d′i (remember that cij0 is negative), given that the frequency matching
guarantees that 0 ≤ ∆νobs,i ≤ νi+1(x0)− νi(x0). Therefore

d′i = ci00∆νobs,i ≥ ci00 (νi+1 − νi) (4.24)

= νi+1 − νi
νi+2 − νi+1

(
νi+1 − νi
νi+2 − νi

− νi+2 − νi
νi+1 − νi

)
(4.25)

= (νi+1 − νi)2 − (νi+2 − νi)2

(νi+2 − νi+1) (νi+2 − νi)
(4.26)

= (νi+1 − νi+2) (νi+2 + νi+1 − 2νi)
(νi+2 − νi+1) (νi+2 − νi)

= − (νi+2 + νi+1 − 2νi)
(νi+2 − νi)

(4.27)

≥ −2, (4.28)

in which the last step uses that νi+1 < νi+2. We have furthermore removed the
position dependence of the frequencies on x0 to simplify notation.

Secondly, we ignore the second term of the denominator, given that we are
looking for oscillatory behavior, in which case the numerator is negative, creating
another lower bound to simplify finding the minimum. The value of di can be
(close to) zero, in case of a very wide frequency discretization at the position
x1, compared to corresponding width at position x0.

Putting both lower bounds together, a lower bound for the stability criterion λi
is given by

λi >
∆τ2

i e
−∆τi − 2

(
1− e−∆τi −∆τie−∆τi

)
∆τ2

i

(4.29)

This function has minimum value of λi ' −0.17 at ∆τi ' 1.45 (see Fig. 4.13).
Therefore, any oscillatory behavior will be quickly damped.

4.DAngular resolution scaling test

In the main text, we restricted ourselves to using a limited amount of directions
to compute the radiation field. By increasing the angular resolution, one can
obtain more accurate results, but the accompanying increase in computation
time might not be worth the trade-off. In this appendix, we rerun the same model
as in Section 4.5, but with a higher resolution adaptive angular discretization,
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Figure 4.13: Stability criterion of the discretized comoving equation when using
frequency matching, in the worst case scenario.
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Figure 4.14: Slice plots of the relative differences between the computed mean
line intensity Jul for the CO J=2-1 v=0 line using the Feautrier solver and
both comoving solvers, with a more dense angular discretization. The relative
differences in mean line intensity have been calculated both after a single
iteration starting from LTE (LTE) and after convergence (NLTE).

using parameters N= 6 and M= 4 (as defined in Listing 4.1) for a total of 156
directions.

Compared to Fig. 4.10, we in Fig. 4.14 that the ray-effect appear less pronounced
for the comoving solver. Comparing the computed intensities, we find similar
results to Fig. 4.12 in Fig. 4.15. The relative differences in mean line intensity
Jul in NLTE compared to the Feautrier solver lie below 1% for 93% and 76% of
the points for comoving solver and comoving solver with approximate boundary
conditions, respectively. The results differ by only a few percent compared to
those in Section 4.5.2. For completeness, we add the timings in Table 4.5.
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Figure 4.15: Cumulative difference between the computed mean line intensity Jul
for the CO J=2-1 v=0 line using the Feautrier solver and the comoving solvers
with an adaptive angular discretization with increased angular resolution. Both
the differences in case of a single iteration after setting the level populations
ni to LTE (in blue) and the difference after letting the level populations
converge (in orange). The figure shows the results for the correct boundary
conditions described in Appendix 4.A as solid lines and the results when using
the approximate boundary conditions as dashed lines.

Table 4.5: Time required to compute NLTE level populations (5 iterations)
on the Phantom model, containing 885501 points, using an adaptive angular
discretization with increased angular resolution.

Algorithm Time [s]
Feautrier 4.1 · 104

Comoving 3.8 · 104

Comoving approx 1.7 · 104





CHAPTER 5
Magrittetorch

This chapter has not yet previously been published.

The common theme throughout this thesis is to see whether we can efficiently
compute line radiative transfer on large 3D hydrodynamics models. This in
order to create a framework to be able to compare observations to the synthetic
observations made from simulations. Model retrieval is based on finding the
optimal parameters of a model, such that the synthetic observation agrees with
the astrophysical observation. Thus, we ideally have access to the following:
First, an efficient way to calculate line radiative transfer, and second, a way to
predict how the model output (e.g. a synthetic observation) changes depending
on model input.

In this chapter, we aim to use the flexibility of machine learning libraries to
achieve both goals outlined above for simulating radiative transfer. Note that
we will not try to emulate radiative transfer, even though in current research,
machine learning has been used to emulate various aspects of physics simulations.
Examples include hydrodynamics [see e.g. Ferrer-Sánchez et al., 2024], chemistry
[see e.g. Maes et al., 2024] and radiative transfer [see e.g. Chappell and Pereira,
2021]. Even though emulation provides a computationally efficient alternative
to solving differential equations, it requires fitting a complicated black box
function. From the resulting fit, we can no longer understand how it obtains
results in any specific parameter regimes.

Even though we will not be using emulation in this thesis to accelerate radiative
transfer computations, we are interested in using the machine learning libraries,
as they satisfy the previously mentioned requirements. The first condition is
satisfied by the machine learning libraries being optimized for computing on
various hardware, including GPUs. The second one is satisfied by remembering
that machine learning libraries can computing gradients on arbitrarily complex
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functions. Therefore we can compute derivatives on any numerical solvers we
build using these libraries. By porting our existing radiative transfer code
Magritte to the machine learning library Pytorch, we can satisfy both
requirements.

In this chapter, we explain the goals and design of Magrittetorch, a port of
Magritte to Pytorch. In Section 5.1, we start by detailing the code design.
We then explain how we ported certain CPU-parallelizable algorithms to GPU
in Section 5.2, using the ray tracing algorithm and emissivity/opacity evaluation
as examples. We also detail how we implement GPU memory management in
Section 5.2.3, given that GPU memory is limited. Afterwards, we show how to
use Magrittetorch for uncertainty quantification in Section 5.2.4. Finally, we
compare the computational performance of Magrittetorch with Magritte
in Section 5.3.

5.1Code Design

The code base consists of 2 major parts: the part interacting with the user,
and the computational algorithms. For the user part, we have opted for
an object-oriented design, to allow for consistency checking and providing
different input/output options. In contrast, the main computation algorithms
are written using functional programming, as the data input must be flexible to
accommodate data of differing sizes and data being stored on different compute
devices.

Listing 5.1: Typical example of model creation in Magrittetorch.
1 import magrittetorch.model.model as magritte
2 from magrittetorch.model.geometry.geometry import GeometryType
3 from magrittetorch.model.geometry.boundary import BoundaryType
4 from astropy import units, constants # Unit conversions
5 from astropy.units import Quantity # For function arguments
6

7 model = magritte.Model(model_file) # Create model object, with
default save location at ‘model_file’

8 model.geometry.geometryType.set(GeometryType.General3D) # This is a
3D model

9 model.geometry.boundary.boundaryType.set(BoundaryType.Sphere3D) #
With a spherical boundary

10

11 # In order to make unit conversions trivial, we use astropy
quantities as input

12 model.geometry.points.position.set_astropy(position) # Set point
positions
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13 model.geometry.points.velocity.set_astropy(velocity) # Set point
velocities

14 model.chemistry.species.abundance.set_astropy(np.stack([nCO, nH2],
axis=1))# Set species number densities

15 model.chemistry.species.symbol.set(np.array([’CO’, ’H2’],
dtype=’S’)) #Set species symbols; should correspond to the
LAMDA file format

16 #Note: the dtype=’S’ is necessary to correctly save and read the
species symbols to/from the hdf5 file

17

18 model.thermodynamics.temperature.gas.set_astropy(tmp) # Set gas
temperature

19 model.thermodynamics.turbulence.vturb.set_astropy(trb) # Set
turbulence velocity

20

21 model = setup.set_Delaunay_neighbor_lists(model) # Automatically
computes and sets neighbors for each point, using a Delaunay
triangulation

22 # For unitless quantities, we can also directly set the torch
tensors

23 boundary_indices = torch.arange(nb_boundary, dtype = torch.int64)
24 model.geometry.boundary.boundary2point.set(boundary_indices) # Set

which points are boundary points
25 # Conveniently, the remeshing function puts the boundary points in

front of the positions array
26 model = setup.set_boundary_condition_CMB (model) # Set CMB as

boundary condition
27 model = setup.set_uniform_rays(model, 12*4) # Number of rays for

NLTE raytracing; has be of the form 12*2**n
28

29 model = setup.set_linedata_from_LAMDA_file(model, lamda_file) #
Consider all transitions

30 model = setup.set_quadrature(model, 7) # Set number of quadrature
points

31

32 model.write() #saving the model at ‘model_file’

We have not changed much from the user interface (see Listing 5.1), compared
to the original design of Magritte (see Section 2.4.2). Improvements are
however always possible, especially pertaining to model creation. In Magritte,
some friction exists when creating models, as we first need to manually define
the global parameters1 for error checking and must manually convert the units
of the input data. Finally, the Magritte models first need to be saved and

1Global model quantities such as number of points, number of lines and so on. These
generally define dimensions of some data structure, thus can be used for consistency checks.
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loaded in order to complete model setup. All of this can be optimized: The
global parameters used for consistency checking, can be inferred from the input
data itself, thus the user does not need to be queried. Finally, we can use
the unit conversion package of Astropy [Astropy Collaboration et al., 2022] to
automatically convert units of the required input data.

5.2GPU Algorithms

In Magritte, our computation algorithms are optimized for CPU. The
individual cores of a CPU can apply different operations on different data.
Therefore, parallelization over different CPU cores is typically done by
distributing the workload over many threads, each performing operations on
limited data. Newer hardware architectures, including GPUs, instead provide
the ability to perform the same operation on a large data array. Therefore, in
order to efficiently compute on other hardware architectures, we must modify
our computation algorithms. In this section, we explore a few algorithms
for radiative transfer for which this modification is nontrivial. We start with
converting the ray-tracing algorithm in Section 5.2.1. Then, in Section 5.2.2,
we explain how to efficiently evaluate the opacities/emissivities, as implemented
in Magritte (see Section 3.4.4). Afterwards, we explore memory management
in Section 5.2.3, as the entire model might not fit on GPU memory. Finally,
we explain how Magrittetorch can be used for uncertainty quantification in
Section 5.2.4.

5.2.1Ray-tracing

In computer graphics, GPUs are used efficiently for ray-tracing. Therefore we
might assume that also our ray-tracing algorithms might translate well from
CPU to GPU. However, our requirements are significantly different: we have a
different internal geometry and expect different outputs from the algorithm2.
This leads to a major assumption not being fulfilled for GPU computing: our
data are not homogeneous in shape, as different rays contain a different number
of points.

We start by explaining how to convert the CPU-only ray-tracing algorithm to
GPU. For comparison, we will briefly summarize the CPU ray-tracing algorithm
from Magritte [De Ceuster et al., 2019], as illustated in Fig. 5.1. Starting
from a given position, we draw a ray in a given direction. We then find the next
discretized position on the ray by calculating the distance of the neighboring

2We require all data needed to compute radiative transport, instead of a single intensity.
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Figure 5.1: Illustration of the ray tracing algorithm used in Magritte. The
ray starting at the origin O in direction R traces the points P1, P2, until the
end is reached. Figure taken from De Ceuster [2022]

points to the ray. The neighbor which lies closest to the ray, and lies in the
advancing direction, will then be the next point on the ray. This repeats until
the edge of the model is reached.

Porting this algorithm to perform operations on large arrays of data (see Listing
5.2) is nontrivial, as the set of neighbors at each position has a different length.
We create a data structure which exactly fits the irregular data3, map the
data to this shape using advanced indexing operations, compute the distances
as normal, and finally make sure that we compare the distances with respect
to the ray for each starting point individually. For computational efficiency,
we have pre-calculated the neighbors which lie in the positive ray-direction,
i.e. n̂ray direction · (xneighbor − xcurrent) > 0, eliminating some if-clauses during
computation. Starting at line 17, we first obtain the relevant neighbors for
ray tracing. At line 21, we use a custom function which generates indices
according to numpy.arange (generating lists of indices from start to start+n)
and puts the resulting segments after each other. Then for every ray origin,
we duplicate the position according to the shape of the neighbors structure

3In the beginning, we considered using an upper bound for the number of neighbors, such
that for every point we use exactly the same number of neighbors, filling the nonexistent
ones with bogus data. This would make it easier to port the algorithm to GPU, as the data
structure size can be assumed uniform. However, it turns out that there is a significant
amount of variation between the number of neighbors at each position (at least an order of
magnitude), which would result in a lot of wasted computation time on the bogus neighbors.
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(lines 24). Afterwards, line 26 converts the indices in the list of neighbors to
indices of the neighbors themselves. Then we compute the distances from the
neighbors to the ray (perpendicular distance) and the distance to the current
point on the ray (projected on the ray) on line 29. Now we compute the minimal
distance to each ray on lines 32-33, using a temporary array to store them.
Finally, by comparing the ray distances versus the minimal distance, we can
retrieve the index of the closest neighbor to the ray on line 35-37. However,
multiple neighbors might be at the same distance from a ray. In this case,
we translate all neighbor matches for the closest neighbor back to ray indices
∈ [0, . . . , Npoints − 1] (corresp_scatter_ids) on line 39, and only keep the first
occurence per ray on line 42. This can then be translated back to the index of
the corresponding neighbors and distances on lines 45-46.

Listing 5.2: GPU algorithm for finding the next points on a rays in the
same direction, as implemented in Magrittetorch; Data shape notation:
parameters.* refers to a general model parameter, FULL CAPS refers to some
constant dimension in this algorithm specifically.

1 def get_next_3D_geometry(self, origin_coords : torch.Tensor,
raydirection : torch.Tensor, curr_points_index : torch.Tensor,
device : torch.device, positions_device :torch.Tensor,
neighbors_device : torch.Tensor, n_neighbors_device :
torch.Tensor, cum_n_neighbors_device : torch.Tensor) ->
Tuple[torch.Tensor, torch.Tensor]:

2 """Returns the next point on the ray in a general 3D geometry,
given the raydirection.

3

4 Args:
5 origin_coords (torch.Tensor): 3D Coordinates of the origin

points. Has dimensions [NPOINTS, 3]
6 raydirection (torch.Tensor): Ray direction. Has dimensions [3]
7 curr_points_index (torch.Tensor): Current point indices. Has

dimensions [NPOINTS]
8 device (torch.device): Device on which to compute.
9 positions_device (torch.Tensor): Positions of all points in the

model. Has dimensions [parameters.npoints].
10 neighbors_device (torch.Tensor): Linearized neighbors of all

points in the given direction. Has dimensions
[sum(n_neighbors_device)]

11 n_neighbors_device (torch.Tensor): Number of neighbors per point
in the given direction. Has dimensions [parameters.npoints]

12 cum_n_neighbors_device (torch.Tensor): Cumulative number of
neighbors per point in the given direction (starts at 0). Has
dimensions [parameters.npoints]

13

14 Returns:
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15 Tuple[torch.Tensor, torch.Tensor]: Next point indices,
accumulated distance to the next points. Both torch.Tensors
have dimensions [NPOINTS]

16 """
17 masked_n_neighbors = n_neighbors_device[curr_points_index]# dims:

[NPOINTS]
18 input_size = origin_coords.size(dim=0)
19

20 #obtain which (indices of) neighbors to check in the linearized
neighbors list

21 indices_to_check =
multi_arange(cum_n_neighbors_device[curr_points_index],
n_neighbors_device[curr_points_index], device) #dims:
[sum(n_neighbors_device[curr_points_index])]

22 #duplicate index of curr_points_index correspondingly
23 lengthening_indices =

torch.arange(masked_n_neighbors.size(dim=0),
device=device).repeat_interleave(masked_n_neighbors) #dims:
[sum(n_neighbors_device[curr_points_index])]

24 lengthened_origin_coords = origin_coords[lengthening_indices, :]#
dims: [sum(n_neighbors_device[curr_points_index]), 3]

25

26 neighbors_to_check = torch.gather(neighbors_device, 0,
indices_to_check) # dims:
[sum(n_neighbors_device[curr_points_index])]

27

28 #Get distances and compare with distance of current point;
ydistance contains distance squared from the ray

29 xdistance, ydistance =
self.distance_in_direction_3D_geometry(lengthened_origin_coords,
raydirection, positions_device[neighbors_to_check]) # dims:
[sum(n_neighbors_device[curr_points_index])] for both

30

31 #Figure out the indices of the closest points
32 tempstuff = torch.zeros(input_size, device=device,

dtype=Types.GeometryInfo) #dims: [NPOINTS]
33 minydists_per_point = tempstuff.scatter_reduce(0,

lengthening_indices, ydistance, reduce="amin",
include_self=False) #dims: [NPOINTS]

34 #broadcast these minimal distances once more, using gather
35 minydists = minydists_per_point.gather(0, lengthening_indices)

#dims: [sum(n_neighbors_device[curr_points_index])]
36 #Ties can arise with the computed ydistance’s, so the dimension

can be larger than NPOINTS
37 minindices = torch.nonzero(minydists == ydistance).flatten()

#dims: [>=NPOINTS]
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38 #torch.nonzero likes to transpose the matrix for some reason, so
it needs to be flattened again

39 corresp_scatter_ids = torch.gather(lengthening_indices, 0,
minindices) #dims: [>=NPOINTS]

40

41 #If equal distances would arise, the resulting dimension would be
wrong. Thus I only use the first of each scatter
(corresponding to the curr_points_indices)

42 first_result_of_each_scatter =
torch.searchsorted(corresp_scatter_ids,
torch.arange(input_size, device=device).type(torch.int64))
#dims: [NPOINTS]

43 next_idx_of_neighbors_to_check =
minindices[first_result_of_each_scatter] #dims:[NPOINTS]

44

45 next_index = neighbors_to_check[next_idx_of_neighbors_to_check]
#dims: [NPOINTS]

46 next_dist_travelled = xdistance[next_idx_of_neighbors_to_check]
#dims: [NPOINTS]

47

48 return next_index, next_dist_travelled

5.2.2Efficiently evaluating opacities/emissivities

In Section 3.4.4, we implemented a significant optimization pertaining to the
evaluation of the total emissivity η and opacity χ at any given frequency ν.
By only evaluating the opacity/emissivity at the relevant line transitions4,
we eliminate a significant amount of wasted computation effort, as the other
contributions to the sum are insignificant.

The original CPU algorithm evaluates the criterion for every position
individually, which does not immediately translate well to GPU, as this criterion
might result in a different amount of lines being needed for the same (static
frame) frequency at different positions. To implement this optimization using
uniformly sized data arrays, we opted for a global bound instead, based on the
maximal variation in Doppler shift, which accounts for the velocity field v. This
allows us to precalculate which lines can be important for a given evaluated
frequency. A line will be included when calculating emissivities and opacities at
any position if the line frequency lies within a factor(

1 + C

(
δν

ν

)
max

+ 2 max
(
||v||2
c

))
(5.1)

4Which have line profile functions with line center near the given frequency.
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of the co-moving frame frequency νc of the origin point of the ray. In this
equation,

(
δν
ν

)
max is the maximum relative line width over all positions. The

constant C, taken to be 10 by default, is the frequency distance in units of line
widths, at which we can start to ignore the line contribution.

5.2.3Memory management

The computation algorithms in this chapter are designed such that they do
operations on large vectors of data. However, GPU memory is limited and data
transfer between host and device is slow (as it incurs latency). Ideally, we would
like to put as much data as possible on the GPU, without exceeding memory
limits. We have opted to always map basic model data (such as positions and
velocities) and precomputed quantities for any NLTE iteration step (such as
line opacities and emissivities) to GPU. These data are used throughout the
entire calculations and only have moderate storage requirements5.

Intermediate data vectors during computation can blow up in size. For example,
an intensity vector I(n̂,x, ν) can contain up to O(NanglesNpointsNfrequencies)
data points. To slightly alleviate this problem, we split the NLTE iteration by
computing the intensity one angle at a time and immediately evaluating its
contribution to the mean line intensity, such that we never need to keep the
intensity at different angles into memory. Even with such memory optimizations,
some (accumulation of) intermediate data vectors might still be too large to
fit into limited GPU memory. As a simple example, for an intermediate size
model with model parameters Npoints = 106, Nfrequencies = 7 · 40 (7 frequency
quadrature points for each of the 40 CO lines), the resulting intensity matrix
has a memory size of 1.1GB6. Taking into account that multiple data structures
of such size are needed to calculate the intensity (e.g. opacity, emissivity), the
total memory cost can easily become multiple GBs.

To prevent the code from exceeding GPU memory limits, we exploit the
functional programming paradigm. Our computational algorithms accept
arbitrary size input data, on any given compute device. Thus instead of
computing everything at once on the GPU, we can split the data in as many
pieces as necessary, before doing the computation (on GPU) on each individual
piece separately. Our memory management algorithm is described in Listing 5.3.
Technically, one could predict the total size of intermediate data required for
the different computations. However, coding this up in practice is error-prone,
and the estimates needs to be changed when making changes to any algorithm.

5The most expensive are the line emissivities/opacities, which each contain
O(NpointsNline transitions) data values.

6Assuming 32 bit floating point data types are used.
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Thus, we do not know a priori how small the data segments must be. We first
try to compute any algorithm using the original data vectors. If the algorithm
fails due to memory errors, we try again, but this time splitting most data in
two7. This gets repeated until either the algorithm fully succeeds or it fails a
given amount of times8. Afterwards, the individual compute results are merged
together on the host.

Listing 5.3: Psuedocode for the memory management algorithm used in
Magrittetorch. The actual implementation can be found in the file
utils/memorymapping.py.

1 Given: input data x vector of size N, and operation f(x)
2 Nsplits = 1
3 while True:
4 try:
5 split x into Nsplits chuncks xi, i∈ [0, . . . , Nsplits − 1]
6 for i in Nsplits:
7 compute f(xi)
8 merge results f(xi)
9 return merged results

10 except Memory error:
11 Nsplits∗ = 2
12 if Nsplits not too large
13 continue
14 else:
15 raise error #The data vector is too large

5.2.4Uncertainty quantification

Finally, we should also explain how we can practically quantify uncertainties
using Pytorch. But first, we must clarify that we aim to capture the effect
of input uncertainties on the model output. We do not consider uncertainties
on the radiative transfer simulation itself. Thus our goal is to quantify how a
perturbation on the input propagates through the non-linear radiative transfer
calculations. We do this using the forward mode auto differentiation module
torch.autograd.forward_ad.

Given that we have programmed the entire model using Pytorch, applying
perturbation analysis is straightforward, as illustrated in Listing 5.4. We start

7Not all data can be subdivided. As an example, for ray-tracing, we pre-compute the
neighbors of every point in a given direction and store them on GPU.

8This can happen if the non-subdividable data fills all available memory. In this case, the
model is simply too large for the used hardware.
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by defining a forward gradient on any input parameter of interest. This gradient
will get propagated throughout all computations, using a first order accurate
approximation. Any model output, which indirectly depends on the specified
input parameter, will then also contain a gradient. The obtained gradient is
then a first order accurate representation of the change dictated by the input.

Listing 5.4: Illustration of how to use Magrittetorch for uncertainty
quantification. The temperature input gradient gets propagated throughout all
computations. We color the lines required for the uncertainty quantification in
red.

1 from magrittetorch.model.model import Model
2 import magrittetorch.algorithms.solvers as solvers
3 import torch
4 import torch.autograd.forward_ad as fwAD
5

6 with fwAD.dual_level():
7 model = Model(inputpath)
8 model.read()
9

10 # add gradient to model input, before computing any derived
quantities

11 temp = model.thermodynamics.temperature.gas.get()
12 dtemp = 0.1*temp
13 dual_input_temp = fwAD.make_dual(temp, dtemp)
14 model.thermodynamics.temperature.gas.set(dual_input_temp)
15

16 # finish model setup
17 model.dataCollection.infer_data()
18

19 # If you have a GPU, we can use it to speed up the computations
20 device = torch.device("cuda:0" if torch.cuda.is_available() else

"cpu")
21

22 # Compute NLTE level populations
23 solvers.compute_level_populations(model, device=device,

max_n_iterations=20)
24 lspec = model.sources.lines.lineProducingSpecies[0]
25

26 # For this example, we will compute the cooling rates,
27 cooling_rates =

lspec.compute_line_cooling(lspec.population.get(),
torch.device("cpu"))

28 # which are also dual numbers, as the gradients get propagated
throughout all calculations

29 dual_cooling_rates = fwAD.unpack_dual(cooling_rates)
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Computing a simulation with the forward gradient enabled takes twice the
amount of computation time, when compared to a simulation without adding
the gradient9. Note that this uncertainty quantification method only allows for a
single input gradient at a time. Thus it can efficiently answer general statements
such as: “what happens when we increase the temperature in the entire model
by 5%?”, but it cannot efficiently evaluate the effect of parameter tweaks at
individual positions, as every tweak requires a full simulation to estimate its
effects on the radiation field. An illustration on how to use Magrittetorch
for uncertainty quantification is given in Section 6.5. In theory, we could also use
backwards derivatives to investigate the simulation result, telling us for example
from which part of the model a specific feature in the synthetic observation
might arise. However, as explained in the next paragraph, memory limitations
prevent us from doing this.

It is theoretically possible to use the differentiable models to automatically
fit the input to observations. However, in practice, the memory requirement
of the matrices involved in the backpropagation are too high. For example,
when computing mean line intensities (which averages intensities according to
equation 4.20), we essentially obtain a matrix of dimensions NpointsNlines ×
NpointsNfrequenciesNangles, which for 3D models is too large to store in memory10.

5.3Computational results

In this section, we test the GPU performance of Magrittetorch using the
AGB model previously described in Chapter 3, reduced using the method
described therein. We compare our GPU implementation versus the CPU
implementation of Magritte. Given that Magritte has seen some updates
which might have an impact on the computational performance, we will
compare Magrittetorch against the latest version of Magritte. The
main computational difference between both versions is the inclusion of the
interpolation described in Section 3.4.5 in the newer version. In Table 5.1, we
have put the wall clock time that each code (version) needs to compute NLTE
level populations. In order to more easily compare between the different code
versions, we did not enable Ng-acceleration.

9So why do we not instead do simulations for two slightly different inputs, without any
fancy gradient propagation? Calculating twice, with slightly differences in model input,
most certainly gives two (different) output values. However, the perturbation on the input
propagates in a very non-linear manner to a perturbation on the output. Using these gradients,
we have a guarantee that we know the local behavior of any perturbation.

10At least for a non-sparse implementation. At time of testing, not all functions in Pytorch
had sparse implementations available.
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Table 5.1: Time required for convergence Magritte and Magrittetorch.
All tests are run on a laptop, equipped with an Intel i7-11850H CPU and
an Nvidia RTX A2000 mobile GPU. Magritte is run on CPU, while the
Magrittetorch run utilizes the GPU. As the wall clock time is proportional
to the number of NLTE iterations, we have also added this information.

Code version # NLTE iterations Wall clock time [s]
Magritte 0.9.9 6 3.5 · 103

Magrittetorch 6 1.0 · 103

We notice a difference of a factor 3.5 in computation time required for Magritte
and Magrittetorch. We do remark, however, that we require a significant
amount of interpolation points in this strongly reduced model. We expect
the impact of interpolation on the computation time to be lower for less
reduced models. Compared to Magritte, we have implemented one additional
performance improvement in Magrittetorch: using 32-bit floats for most
computations11, which improved computational performance by a factor 2. We
note that this modest improvement in computation time is lower than we expect,
as one typically gains (an) order(s) of magnitude improvement in computation
time by porting code to GPU, given the massive difference in compute units
between the devices12. This result might partially arise from running interpreted
python code versus compiled C++ code, or from the specific implementation,
which contains a significant amount of advanced indexing operations, and might
not be ideal to run on GPU.

To evaluate the accuracy, we compare the mean line intensity Jij and the level
populations ni between Magritte and Magrittetorch. We find that for 94%
of the data points, we have differences less than 10% difference in Jij between
both codes. The difference in the level populations ni are negligible, with a
mean absolute relative difference of 6 · 10−5. To verify that these relatively large
differences for mean line intensity Jij only result in a tiny differences for the
level populations, we fill in the mean line intensity computed using Magritte
in Magrittetorch. The resulting level populations have a mean absolute
relative difference of 3 · 10−7 with respect to those computed using Magritte.
We conclude that we compute slightly different mean line intensities using both
codes, but still obtain the same level populations ni.

11We only kept the computations related to the level populations ni in 64 bit floats, as
Ng-acceleration is quite sensitive to the numerical accuracy.

12Although you cannot compare CPU cores versus the GPU equivalent apples to apples,
given their significantly different architectures and capabilities.
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Figure 5.2: Cumulative distribution plot of the relative differences between the
computed NLTE results of Magritte and Magrittetorch. Higher values
mean that the results are more similar.
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5.4Future work

Magrittetorch is based on Magritte version 0.7.2. The following features are
missing in order to be up to date with Magritte: (1) Adaptive ray tracing (see
Section 4.4). As stated in that section, using a uniform angular discretization
might cause rays to appear in the intensity field, originating from small, bright
regions. We can implement this feature, at the cost of reducing the efficiency of
the ray tracing algorithm, as we will no longer be able to precompute neighbors
per direction; (2) Interpolation in case of high source function gradients (see
Section 3.4.5). During the NLTE computations, we can encounter significant
differences in the line opacity between successive points, in some lower density
regions. As these relative differences can multiple orders of magnitude large,
the intensity might not be correctly computed in these regions. However, we
do note that adding a continuum contribution to the opacity (from e.g. dust),
might also solve this issue in our models. We currently do not allow adding
additional ghost points during the calculation step, as this would introduce
additional if-clauses during the main calculation step. It could be possible to
refactor the code to precompute the path of each ray, but this approach might
have consequences for the memory management implementation.

Finally, one might be able to test full model fitting, when all required Pytorch
functions have a sparse implementation. Currently, the back-propagation
algorithm tries to compute dense giant matrices, which exceed any reasonable
amount of available GPU memory.
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Abstract

Asymptotic Giant Branch (AGB) stars significantly contribute
to the chemical composition of the universe. In their outflows,
complex chemistry takes place, which critically depends on the local
temperature. Therefore, if we want to accurately model the AGB
environment, we need accurate cooling rates. The CO molecule
is abundant in AGB outflows, and has a dipole moment, which
enables it to cool through emission from its rotational transitions.
We therefore expect it to significantly contribute to cooling in this
environment, even at low temperatures (10 K 6 T 6 3000 K).
Currently, CO cooling rates are available for ISM-like conditions,
which encompasses a different parameter regime, with lower densities
and velocities, compared to AGB winds. Therefore, these ISM
cooling rates might not be applicable to the AGB regime. In this
paper, we compute CO cooling rates for hydrodynamics simulations
of AGB outflows. To evaluate the net cooling rate, we calculate the
energy level distribution of CO self-consistently, using the non Local
Thermodynamical Equilibrium (NLTE) line radiative transfer code
Magritte. We verify whether already existing CO cooling rate
prescriptions for the interstellar medium (ISM) are applicable for
this regime. We noticed slight differences between these prescriptions
and our calculated cooling rates, with the best prescription having
a mean relative difference of 0.14 dex and a standard deviation of
the error about 0.18 dex. Therefore, we propose a new CO cooling
rate prescription for the AGB environment and we study how the
computed cooling rate varies depending on input parameters.

6.1Introduction

Asymptotic Giant Branch (AGB) stars are low-to-intermediate mass stars at
the end of their lives. It is estimated that ∼ 85% of dust and ∼ 35% of gas
in the interstellar medium originate from their outflows [Tielens, 2005]. In
order to numerically evaluate the contribution of AGB outflows on the chemical
evolution of the universe, we need to apply non-equilibrium chemistry to the
stellar wind [see e.g. Maes et al., 2023]. An important input for the chemical
network is the temperature, which is influenced by hydrodynamics, chemical
cooling, and also by radiation transport. In this paper, we focus on the cooling
impact of CO rotational transition lines, as CO is the second most abundant
molecule in the AGB outflows, aside from H2. In contrast to H2, CO has
a net dipole moment, and thus easily excitable rotational energy transitions.
Therefore CO can enable radiative cooling even at lower temperatures.
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Radiative cooling forms an important part of the thermal balance of astronomical
objects, starting from the interstellar medium [Neufeld and Kaufman, 1993]
to supernovae [McLeod et al., 2024]. However, no cooling prescriptions have
yet focused on the AGB environment. The environment most similar to AGB
outflows is the Interstellar Medium (ISM), for which cooling rates prescription
have been computed in various publications, see e.g. Neufeld and Kaufman
[1993], Omukai et al. [2010] and Whitworth and Jaffa [2018]. In previous papers,
simplifying assumptions have been made about the geometry of such objects,
including spherical symmetry. However, for the AGB regime, we cannot assume
such simplifying geometry, as significant asymmetries have been observed in
the outflows [Decin, 2020]. Furthermore, the physical conditions in the ISM
are different from the conditions in the AGB outflow, which can limit the
applicability of the previously mentioned cooling rate prescriptions.

In this paper, we will compute CO cooling rates based on hydrodynamics models
of AGB winds siumlted with Phantom [Price et al., 2018]. For this, we use
Magritte [see e.g. De Ceuster et al., 2019, 2020, De Ceuster et al., 2022,
Ceulemans et al., 2024] in order to calculate the non Local Thermodynamical
Equilibrium (NLTE) radiation field, which determines the cooling. Afterwards,
we will compare the calculated cooling rates with pre-existing prescriptions
[Neufeld and Kaufman, 1993, Omukai et al., 2010, Whitworth and Jaffa, 2018].
However, we find that these cooling prescriptions are not fully suited to the
AGB environment. Therefore, we propose a new fit in this paper.

This paper is structured as follows: a brief introduction on how to calculate CO
cooling rates is given in Section 6.2. We introduce the literature cooling rate
prescriptions relevant for this paper in Section 6.3. We explain the model setup
and calculate cooling rates in Section 6.4. Afterwards, we discuss the impact of
perturbations on the model input to the computed cooling rate in Section 6.5.
Finally, we discuss the limitations of our cooling fits in Section 6.6.

6.2Computing the cooling rate

In order to compute the net radiative cooling rate Λ[W m−3], we need to create
radiative transfer models. For this, we use Magritte [De Ceuster et al., 2022].
As input for our models, we use hydrodynamics models of AGB winds, which
contain temperatures, densities, and a velocity field. We interpret the density
as H2 density and impose a constant CO/H2 ratio, which is valid in the outflow
as long as no significant photo-dissociation occurs. We then use this Magritte
model to compute NLTE line radiative transfer.

Our workflow is as follow: our initial guess for the energy level distribution of
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the species CO is given by the assumption of local thermodynamical equilibrium
(LTE). We iteratively compute the radiation field I(n̂,x, ν)[W sr−1m−2Hz−1]
based on the level populations ni[m−3], and the level populations using
statistical equilibrium. To speed up this iterative process, we use Accelerated
Lambda Iteration (ALI) [see e.g. Rybicki and Hummer, 1991] and adaptive
Ng-acceleration [as described in Ceulemans et al., 2024]. At the end of this
iterative process, we have obtained self-consistent values for the radiation field
I and the level population ni. Then, in order to calculate the net radiative
cooling rate Λ, we have two options. We subtract the emitted intensity from
the absorbed intensity in order to obtain the net cooling rate Λ, as done in
Carlsson and Leenaarts [2012],

Λ =
∫
χ(ν)(S(ν)− I(n̂,x, ν))dνdΩ. (6.1)

In which χ[m−1] is the opacity, S[W sr−1m−2Hz−1] is the source function and
I is the intensity. In high optical depth regimes, the intensity I is almost
equal to the source function S, but not exactly. Therefore Eq. 6.1 can suffer
from numerical cancellation errors. In line radiative transfer, an equivalent
prescription can be found when assuming statistical equilibrium. In this case,
the equation from Sahai [1990] is valid:

Λ =
∑

transitions from level i to j
(njCji − niCij)hνij (6.2)

in which ni are the number densities at the different energy levels and Cij [s−1]
are the collisional rates. In this paper, we calculate the cooling rate Λ using
the latter equation.

6.3Existing cooling prescriptions

In the literature, several CO molecular line cooling prescriptions already exist.
However, they have been mainly focused on ISM-like conditions. As the
environment around AGB stars is significantly different from the ISM conditions,
with higher densities and velocity gradients, we first check whether the current
prescriptions are valid in this environment. We consider the prescriptions in
Neufeld and Kaufman [1993], Omukai et al. [2010] and Whitworth and Jaffa
[2018] for this paper. These prescriptions mostly use the following parameters:
the H2 and CO number densities nH2 , nCO[m−3], the local gas temperature
T [K] and the velocity divergence |∇ · v| [s−1], which is related to the Sobolev
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optical depth τSobolev[.] [Sobolev, 1960],

τSobolev = χ
c

|∇ · v|
, (6.3)

in which c is the speed of light and χ is the frequency integrated opacity. The
densities directly affect the cooling rates (see Eq. 6.2), as the CO density affects
the level populations ni of CO, and the H2 density is used for the calculation
of the collisional rates. The temperature determines the relative distribution
of the level populations in LTE, and still impacts them in NLTE. The velocity
divergence |∇ · v| limits how much radiation can escape from the molecular
emission lines and therefore imposes an upper bound on the cooling rate [Neufeld
and Kaufman, 1993].

In the following subsections, we briefly explain the literature cooling rate
prescriptions explored in this paper. We note, however, that we will make
different assumptions during our computations, calculate the cooling in a
different astrophysical regime, and use different data when computing the
cooling rates. Therefore, any difference we observe with the net cooling rate we
compute does not invalidate their applicability to their intended astrophysical
regime.

6.3.1Neufeld & Kaufmann 1993

In Neufeld and Kaufman [1993], cooling rates have been calculated for H2O, H2
and CO using an escape probability method to compute the level populations.
They assume the velocity field to have a large gradient and to be either
monotonically increasing or decreasing, such that the Sobolev approximation is
valid [Sobolev, 1960]. In this way, NLTE radiative transfer can be computed
using only local information. Their rotational line cooling for CO is based
on the first 75 rotational transitions, with energy levels taken from HITRAN
database [Rothman et al., 1987], and uses the collision rate coefficients from
Viscuso and Chernoff [1988]. Their rotation cooling prescription is valid between
temperatures of 100 K until 2000 K and values of Ñ(CO) between 1015s m−3

en 1020s m−3 [Neufeld and Melnick, 1991], which they define as

Ñ(CO) = nCO
|∇ · v|

, (6.4)

in which nCO is the CO number density. Their cooling prescription is given by

Λ = LN93n(H2)n(CO), (6.5)
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in which the cooling rate coefficient LN93[W m3] is given by

1
LN93

= 1
L0

+ n(H2)
LLTE

+ 1
L0

[
n(H2)
n1/2

]α(
1−

n1/2L0

LLTE

)
(6.6)

and the coefficients L0, LLTE, n1/2 and α are tabulated in Neufeld and Kaufman
[1993].

6.3.2Omukai et al. 2010

Omukai et al. [2010] models the ISM during collapse into a protostar. To
calculate the CO cooling, they also use an escape probability method to compute
the energy level distribution [see Omukai, 2000] in NLTE, and adopt the CO
molecular data from the LAMDA database [Schöier et al., 2005], but do not
specify which version of the data they use. In contrast to Neufeld and Kaufman
[1993], they do not use an approximation for the escape probability, but evaluate
it using the column density of their spherically symmetric model.

Their CO cooling rate prescription is based on Neufeld and Kaufman [1993],
with the difference that the parameter range for the temperature has a lower
bound of 10 K and their definition Ñ has been changed to Ñ = N/

√
2kbT/mCO,

in which N [m−2] is the column density, kb[J K−1] is Boltzmann’s constant and
mCO[kg] is the CO particle mass. This quantity can be derived from the optical
depth τ (ignoring constant factors), when assuming no velocity field to be
present,

τ =
∫
χijφijdx ∼

N

δνij
∼ N√

2kbT/mCO
. (6.7)

in which χij [Hz m−1] is the integrated line opacity, φij [Hz−1] is the line profile
function and δνij [Hz] is the line width. However, Omukai et al. [2010] do not
mention why they changed the definition of Ñ . For this paper, we evaluate their
cooling fit using the definition of Neufeld for Ñ instead, given that significant
velocity fields are present in our models.

6.3.3Whitworth & Jaffa 2018

In Whitworth and Jaffa [2018], they aim to model the effect of CO cooling on
the structure of molecular clouds in the ISM. As input for their cooling fit, they
use the cooling rate results of Goldsmith and Langer [1978]. In that paper, the
authors use an escape probability method to determine the level populations
ni and the net cooling rate Λ, and utilize a Sobolev approximation [Sobolev,
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1960] to evaluate the optical depth τ . This allows them to approximate NLTE
radiative transfer locally.

In contrast to the previous cooling prescriptions, Whitworth and Jaffa [2018]
deduce their cooling rate prescription from first principles in two separate
regimes, defining a theoretically motivated fit function for both the low and
high density regime. In the low density regime, they find

ΛLO = λLOXCOn
2
H2
T 3/2, (6.8)

in which λLO is the fit coefficient, XCO = nCO/nH2 , nH2 is the H2 density, while
in high densities, they obtain

ΛHI = λHIT
4 |∇ · v| , (6.9)

in which λHI is the fit coefficient. Afterwards, they combine both formulae using

Λ
nCO

=
((

ΛLO

nCO

)−1/β
+
(

ΛHI

nCO

)−1/β
)−β

(6.10)

in which β is a fit parameter. Their fit prescription is valid for temperatures
between 10 and 60 K and for values of nCO/nH2

|∇·v| between 105 and 109 s.

All cooling rate prescriptions described in this section treat radiative transfer
using the escape probability method, and therefore limit the geometry to which
it can be applied. Given that we calculate radiative transfer on 3D AGB wind
models, we use a different calculation method, and might therefore obtain
slightly different results for the net cooling rate.

6.4CO Cooling rates for AGB outflows

The goal of this paper is to obtain a CO cooling rate prescription for AGB
binary simulations. We therefore took a variety of Phantom [Price et al.,
2018] AGB binary simulations with various circular orbit configurations and
also a single star model for verification purposes. The Phantom smoothed
particle hydrodynamics (SPH) models generate a wind by periodically launching
particles from the star [as explained in Siess et al., 2022] with initial velocity as
given in Table 6.1. All models use a mass loss rate of 1 · 10−7M�/yr. The final
binary model in this Table, v15a35, is taken from Malfait et al. [2024a], where
it was named v15m06.
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Table 6.1: Model properties of the Phantom models used in this paper. vin
denotes the initial velocity, M? denotes the stellar mass, Mcom denotes the
companion mass and a the semi-major axis.

Name vin [km/s] M? [M�] Mcom [M�] a [AU]
v05a06 5 1.5 1 6
v05a20 5 1.5 1 20
v20a06 20 1.5 1 6
v20a20 20 1.5 1 20
v15a35 15 2 0.6 35
v10_single 10 1.5

6.4.1General model setup

Starting from a Phantom SPH model, we calculate the NLTE CO level
populations using Magritte [Ceulemans et al., 2024, De Ceuster et al., 2022],
reducing the model size for increased computational efficiency, using the
procedure detailed in Ceulemans et al. [2024], with maximal recursion level
l = 12 and maximal variation rmax. We utilize the 12CO line data from the
LAMDA database1 [Schöier et al., 2005], in which the collision rates are taken
from Yang et al. [2010]. We only consider rotational transitions in this paper, as
collisional data for the CO vibrational transitions is currently only available up to
300 K [Yang et al., 2016]. For each of the 37 hydrodynamics snapshots from these
AGB models, taken at different times, we generate different Magritte models,
each with a different, but constant CO/H2 abundance ∈ {1, 3, 5, 8, 10} · 10−4.
This range spans the values used in the literature [see e.g. Khouri et al., 2014,
Danilovich et al., 2014] for the AGB envelope. We have limited our models to
a radius of 500 AU around the primary star, where we assume no significant
CO dissociation to have taken place. In this way, a constant CO/H2 abundance
ratio should be a valid assumption. For most of this paper, we restrict ourselves
to only using the binary models, because including this data would add too
many data points in less interesting regions of the parameter space. We will
however validate in 6.A that our obtained fit of Section 6.4.3 works on the single
star data.

Our combined data set of AGB binary models contains 185 Magritte models,
having 18 million data points in total, with each data point consisting of a
vector containing the gas temperature T , H2 density nH2 , CO density nCO,
velocity gradient |∇ · v| and computed net cooling rate Λ. The parameter
ranges spanned by these models can be found in Table 6.2. As inputs for the

1available at https://home.strw.leidenuniv.nl/~moldata/

https://home.strw.leidenuniv.nl/~moldata/


CO COOLING RATES FOR AGB OUTFLOWS 133

Table 6.2: Parameter limits for this paper
Min Max

Temperature [K]† 14 3000
H2 density [m−3] 1.4 · 108 1.9 · 1015

CO/H2 ratio 10−4 10−3

n(CO)/ |∇ · v| [s m−3] 1.5 · 1013 4.2 · 1023

† Limited by CO collisional data. SPH model temperatures can exceed 3000K.

fit function, densities, temperatures and the velocity divergence |∇ · v| at each
position are required, all of which can be extracted from the SPH model.

6.4.2Existing cooling rate prescriptions

None of the existing prescriptions offer a parameter range which encompasses
the entire parameter range of our models (see Figs. 6.1, 6.2). Therefore, we
do not expect the cooling rate prescriptions to be appropriate for the entire
parameter range of our models. However, all of them offer a reasonable proxy
for the computed cooling rate (see Figs. 6.3, 6.4, 6.5). We show the relative
differences with the computed cooling rate in Figs 6.6, 6.7 and 6.8 respectively.
From these, we observe that on average, the fit from Neufeld and Kaufman [1993]
performs best, with a mean relative difference of 0.013 dex, however, some very
far away outliers exist. In contrast, the Omukai et al. [2010] prescription slightly
underestimates the cooling rate, with a factor of 0.06 dex and has a standard
deviation on the error of about 0.11 dex. Finally, the fit from Whitworth and
Jaffa [2018] slightly overestimates the cooling rate on average (by 0.14 dex), and
has a higher standard deviation of about 0.18 dex. To complete our analysis,
we check the number of outliers for each fit prescription, which we define as

|log10(Λfit/Λthis work)| > 2. (6.11)

Each outlier therefore corresponds to a prediction for the cooling rate which is
off by at least two orders of magnitude. As seen in Table 6.3, the Whitworth
and Jaffa [2018] prescription has the least outliers. However, as any outlier
present in the fit function is one too many, we will create a new fit in Section
6.4.3.

6.4.3New cooling rate prescription

We fit the data according to a polynomial fit function in logarithmic space. As
we do not know how many fit parameters we require a priori, we allow the
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Figure 6.1: Distribution of our model points, compared to the parameter ranges
in which the Neufeld and Omukai prescriptions are valid. A significant fraction
of our data points lie outside the ranges covered by Neufeld and Kaufman [1993]
and Omukai et al. [2010].

Table 6.3: Number of outliers for each fit prescription, out of 18 million data
points in our data set.

Fit # outliers
Neufeld 698
Omukai 5245

Whitworth 136
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Figure 6.2: Distribution of our model points, compared to the parameter range
(box) in which the Whitworth prescription is valid. Most of our data points lie
outside the range covered by Whitworth and Jaffa [2018].
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Figure 6.3: Contour plots of the cooling rate versus the CO density, smoothed
using a Gaussian kernel. The solid line contains 99% of the data points. The
dotted line denotes the outer contour where data is present. Bottom: contour
plot of the relative differences between the fits and our computed cooling rate.
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Figure 6.4: Contour plots of the cooling rate versus the temperature, smoothed
using a Gaussian kernel. The solid line contains 99% of the data points. The
dotted line denotes the outer contour where data is present. The vertical arrow
lines denote the temperature bounds for which the literature fit functions are
defined. Bottom: contour plot of the relative differences between the fits and
our computed cooling rate.
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Figure 6.5: Contour plots of the cooling rate versus the velocity divergence,
smoothed using a Gaussian kernel. The solid line contains 99% of the data
points. The dotted line denotes the outer contour where data is present. Bottom:
contour plot of the relative differences between the fits and our computed cooling
rate.
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Figure 6.6: Histogram of relative differences between the reference results
and the cooling fit result calculated using the Neufeld and Kaufman [1993]
prescription, in log space. Note that the y-axis is also in log space to show the
outliers.



140 CO COOLING

3 2 1 0 1 2 3
log10 ( fit/ this work) [.]

100

101

102

103

104

105

106

107

co
un

ts

Omukai 2010 | mean: -0.06 std: 0.11

Figure 6.7: Histogram of relative differences between the reference results and
the cooling fit result calculated using the Omukai et al. [2010] prescription, in
log space. Note that the y-axis is also in log space to show the outliers.
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Figure 6.8: Histogram of relative differences between the reference results
and the cooling fit result calculated using the Whitworth and Jaffa [2018]
prescription, in log space. Note that the y-axis is also in log space to show the
outliers.
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number of polynomial terms per input parameter to be variable. In the fit, we
use N1 terms for the temperature T , N2 terms for the H2 density, N3 terms for
the abundance ratio nCO/nH2 , N4 terms for Ñ(CO), resulting in the following
formula:

log10(Λ)fit = a+
N1∑
i=1

bi log10(T ) +
N2∑
i=1

ci log10(nH2) (6.12)

+
N3∑
i=1

di log10

(
nCO
nH2

)
+

N4∑
i=1

ei log10

(
nCO
|∇ · v|

)
.

In this, a is a constant term, and bi, ci, di, ei are constants with the number of
parameters per quantity Ni to be determined. The input terms for the fits are
all in SI units. Note that we chose the abundance ratio nCO/nH2 instead of
the CO number density in our fit. This is because we have modeled the CO
number density to be proportional to the H2 number density, and is therefore
equal to the log H2 number density plus a constant in log space. Therefore,
also using a CO density term would result in an ill-defined fit function. The
lower bound of N = [N1, N2, N3, N4] we consider, is N = [1, 1, 1, 0]. The upper
bound we consider is N = [4, 4, 4, 4]. We limit the order of the polynomial
terms to 4, in order to limit any issues with numerical precision, as the optimal
fit coefficients would significantly increase when more higher order terms are
included. As the fit coefficients try to cancel each other out, small perturbations
on the coefficients (by e.g. rounding), can result in large perturbations on the
fit result. We therefore do not round our obtained fit coefficient values in this
paper. Furthermore, in order to further reduce the values of the obtained fit
coefficients, we add a regularization term for the coefficients to the least-squares
fitting we use, defining the loss function L to be:

L =
∑

data points
(log10(Λ)fit − log10(Λ)data)2 (6.13)

+ r2

(
a2 +

N1∑
i=1

((i+ 1)bi)2 +
N2∑
i=1

((i+ 1)ci)2

+
N3∑
i=1

((i+ 1)di)2 +
N4∑
i=1

((i+ 1)ei)2

)

in which the coefficient of the regularization term r, is taken to be 1. As we
will later on use this loss term to fit different size data sets, we have chosen this
regularization coefficient to be variable. This allows us to tweak the coefficient
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such that the regularization term has a similar impact, relative to the loss on
the fit error, which scales proportionally to the number of data points. We
start from the most complicated configuration N = [4, 4, 4, 4], and removed
polynomial terms, starting from the last parameter, unless the mean fit error
would change significantly, by more than 1%. However, we make an exception by
still removing a term when the maximal spread of the error log10 (Λfit/Λthis work)
would be reduced by more than 10%. Afterwards, we repeat this procedure for
all other parameters, from (second to) last to first. The final configuration uses
N = [4, 4, 1, 2], with parameter values

a = −1.21240570 · 101 (6.14)

b = [2.72210207,−1.46925093, 5.33555446 · 10−1,

− 6.44150584 · 10−2]

c = [−8.47598504, 1.27675907,−6.49227392 · 10−2,

1.06609653 · 10−3]

d = [9.55136991 · 10−1]

e = [4.04944142 · 10−1,−1.18855989 · 10−2].

The fit residual has a standard deviation of 0.039 dex.

Upon further inspection of the residual, we found that the general fit struggles
with the highest density region (see Fig. 6.10). The parameter region for which
log10(nCO) > 10 log10(m−3) contains about 3% of all model points, but is fitted
significantly worse than the lower density regions. This result can be expected
from theory, as the high density regime is optically thick, in contrast to the
low density regime, and should therefore be treated differently. As there are
2 orders of magnitude less data points in the former regime compared to the
latter, the former will be fitted worse. To illustrate this, we create a corner plot
using the fit residuals, squared2, shown in Fig. 6.11. This figure shows in which
part of the parameter space the fit performs worst, and is not corrected for data
point density, similar to the actual fitting procedure.

We will therefore fit the optically thick and thin regimes separately. To decide
on the exact parameter cutoff, we separate the different parameter regions in
which the fit performs worst. Based on Fig. 6.11, which shows us the loss of the

2Such that we mimic the L2 norm loss function used for least squares fitting.
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Figure 6.9: Histogram of relative differences between the reference results and
the cooling fit of this paper for the entire parameter range.
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Figure 6.10: Histogram of relative differences between the reference results and
the cooling fit of this paper for the entire parameter range, evaluated in the
high density regime log10(nCO) > 10.
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Figure 6.11: Corner plot of the fit error corresponding to the full parameter
space fit of Section 6.4.3, in which we define the fit error as (log10(Λfit) −
log10(Λthis work))2. The parameter space without data is colored black. The
solid green line indicates where we will split the parameter domain for defining
separate fits for the low and high density regimes.
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fit without the regularization term in the different parameter regimes, we decide
on using log10(nCO) = 10.0 log10(m−3) as cutoff, as it visually separates the
more difficult high density region from the rest of the parameter space. From
this figure, we notice a few peculiarities. First, we see that a significant part of
the fit error is found at a temperature of 3000 K, which is the result of imposing
an upper bound on the temperature. Second, we notice stripes appearing in the
nH2 versus nCO plot, which arise from defining the CO density as a fraction of
the H2 density (see Section 6.4.1).

We find the following fit parameter values for the low density regime
log10(nCO) < 10.0 log10(m−3)

N = [4, 3, 1, 0] (6.15)

a = −2.12040965 · 101

b = [3.01783489,−1.59256830, 5.51104820 · 10−1,

− 6.45904646 · 10−2]

c = [−3.69490411, 5.83898651 · 10−1,−2.04180720 · 10−2]

d = [9.84099436 · 10−1].

The low density fit has residuals with a standard deviation of 0.034 dex in
the low density regime (see Fig. 6.12). As the high density regime contains
roughly 2 orders of magnitude less data points, we changed the regularization
coefficient r from 1 to 0.1 in Eq. 6.13, such that the regularization term has
roughly same impact on the loss function, compared to fitting using all data.
Using this, we obtain the following fit parameter values for the high density
regime (log10(nCO) > 10.0 log10(m−3))

N = [2, 4, 1, 3] (6.16)

a = −6.15379992 · 101

b = [4.53170350,−5.48993030 · 10−1]

c = [−1.24741994 · 101, 2.09789393,−1.28957948 · 10−1,

2.77218176 · 10−3]

d = [7.86957705 · 10−1]

e = [8.21468631,−4.17788945 · 10−1, 6.94393690 · 10−3].
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Figure 6.12: Histogram of relative differences between the reference results and
the cooling fit of this paper for the low density regime.

The high density fit has residuals with a standard deviation of 0.053 dex in
the high density regime (see Fig. 6.13). From these fits, we notice that in
general, the abundance ratio nCO/nH2 can be described with a linear term.
Confirming Whitworth and Jaffa [2018], we find that we do not need to include
the nCO/ |∇ · v| term for the low density regime. Furthermore, we notice that
the temperature dependence in the high density regime is less complicated
compared to the low density regime. We suspect this is due to having a smaller
parameter range for the temperature in the high density regime, as the data
points in that regime all have temperatures above 635K. Finally, we notice that
the higher density regime is harder to fit. Two different regions in our models
have high densities: the region near the star, where the wind is launched, and the
region near the companion object, where material is accumulated. We therefore
suspect that we map two different physical regimes to the same parameter space,
resulting in a worse fit.
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Figure 6.13: Histogram of relative differences between the reference results and
the cooling fit of this paper for the high density regime.
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6.4.4Estimating the fit error

When using least-squares minimization, one obtains by default the optimal fit
parameters w, but one can also obtain a covariance matrix Σw for the obtained
fit parameters, which can be used for estimating the uncertainty on the fit
parameters. In this paper, we use the function scipy.optimize.curve_fit
from Scipy [Virtanen et al., 2020] to compute both simultaneously. To derive
uncertainties for the fit, we use

Σf = XΣwX
T , (6.17)

in which Σf is the covariance matrices for the fit function value. In this, X
denotes the (Nevaluations × Nfit parameters) design matrix, in which each row
corresponds to the evaluation of a single data point at all individual polynomial
terms, such that the fit result f(xi) of a single data point xi can be evaluated
using matrix multiplication, i.e.

f(xi) = Xiw, (6.18)

in which Xi denotes the i-th row of the matrix X. We can now estimate the
residuals by calibrating the fit uncertainty to the variance of the fit residual,
using

Σr = c2Σf (6.19)

in which c is given by

c = σ√
E(Σf,ii)

(6.20)

and σ is the standard deviation on the fit residual and
√
E(Σf,ii) is the square

root of the average of the diagonal elements of Σf , evaluated on all data points
used for the fit3. To shorten notation, we now define σfit to be the square root
of the diagonal of Σr. Both Σw and c can be found in the online supplementary
data.

To check whether this calibrated fit uncertainty agrees with actual residual, we
calculate this estimate for our first fit in this paper (Eq. 6.14), for all data points.
We find that 67% of the fit residuals lie between ±1σfit and 95% lie between
±2σfit (see Fig. 6.14). From Fig. 6.15, we notice that in the intermediate
density regime, 8 < log10 (nCO) < 10, the calibrated fit error σfit seems to

3If one is not particularly interested in the covariance, but just aims to use Σr for estimating
the pointwise error, one does not need to compute the off-diagonal elements of Σf .
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Figure 6.14: Histogram of the fit residual, divided by the calibrated fit error,
calculated using the fit based on the entire parameter range.

underestimate the residual, as the residual shows a two-peaked distribution in
this part of the parameter space. Conversely, in the very low density regime,
log10 (nCO) < 5, σfit overestimates the residual. We conclude that the calibrated
fit error σfit can be used as proxy for (the width of the distribution of) the
fit residual, however, it might not be fully accurate when looking at specific
regions of the parameter space.

6.5Model perturbations

In Section 6.4.4, we have computed uncertainties on the accuracy of the obtained
fit. However, the physics included in the hydrodynamics simulations which we
used for calculating the CO cooling rates, are not entirely complete, missing
for example the effect of CO cooling itself. To estimate how much the cooling
rates may change with a slightly different physics description, we study the
influence of using slightly perturbed parameter values on the cooling rate. For
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Figure 6.15: 2D histogram of the fit residual, divided by the calibrated fit error,
plotted against the CO density, using a logarithmic scale for the color bar.
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this we use Magrittetorch4, a port of Magritte [see e.g. De Ceuster, 2022]
to Pytorch Paszke et al. [2019] 5. We have built this code on top of a machine
learning library to ensure that the resulting models are fully differentiable.
This allows us to track a gradient throughout the non-linear radiative transfer
calculations. Starting from a regular radiative transfer model, we can use
forward gradients to add a perturbation term on the model input, which is
propagated throughout the entire NLTE computation, eventually giving us a
gradient on the computed cooling rates.

To get a global idea of how the cooling rates change, depending on perturbations
of the model input, we rerun the last snapshot of each AGB binary model used
in this paper, for a CO/H2 abundance ratio of 5 · 10−4. We successively apply
perturbations δ of 10% on the temperature, CO density and velocity. Note that
the exact percentage of the perturbations does not matter, as we obtain a linear
approximation for perturbation through evaluating the gradient, and we will
rescale the obtained perturbation on the cooling rate by the given percentage
on the input gradient. In this way, we obtain the change in (log) cooling rate
per (log) input parameter. For example, when applying this for the input
temperature, we obtain

α = Λ(T + δT )
Λ(T )/δ = Λ(T + δT )

Λ(T )
T

δT
' ∂ log(Λ)
∂ log(T ) , (6.21)

in which α is the computed value. By integrating and exponentiating both
sides, we obtain a (local) scaling relation for the cooling rate

Λ ∼ Tα. (6.22)

A similar argument can be made to obtain scaling relations for the other input
parameters.

We start by first exploring the impact of the input parameters on the low density
regime, log10(nCO) < 10. In Fig. 6.16, we see that an increase in temperature
in general leads to a (super)linear increase in cooling. During the analysis,
however, we have noticed some outliers. Data points with temperatures above
3000K are treated inconsistently during the radiative transfer calculation, due
to collisional data being limited to ≤ 3000K. In our code, temperatures above
3000K still impact the line width, but no longer influence the collision rates Cij .
Therefore, we have removed these data points from our analysis for this section.
Next, we plot the impact of a perturbation for the CO density on the cooling
rate in Fig. 6.17. We find that the cooling rate depends linearly on the density,
which is as we expect for the optically thin regime. Finally, in Fig. 6.18, we

4Available at https://github.com/Magritte-code/Magritte-torch
5Magrittetorch is currently based on version 0.7.2 of Magritte.

https://github.com/Magritte-code/Magritte-torch
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Figure 6.16: Histogram of the impact of a temperature perturbation on the
cooling rate in the low density regime.

find that the cooling rate does almost not depend on the velocity field in this
regime, which can be expected based on the argumentation in Section 6.3.

For the high density regime, log10(nCO) > 10, we plot the cooling rate
dependence on the same input parameters in Figs. 6.19, 6.20 and 6.21. Here,
we find similar results for the cooling rate scaling as in the low density regime,
but with a weaker dependence on the input parameter, except for the input
velocity field. Increasing the velocity does increase the cooling rate. We note
that the scaling relations found in this section can be derived from analytical
approximations [see e.g. Whitworth and Jaffa, 2018], but we hereby confirm these
to be valid for radiative transfer simulations in the complex AGB environment.
However, the exact power laws of the scaling laws might not entirely match.
In particular, Whitworth and Jaffa [2018] predicts for the temperature scaling
in the high density regime that Λ ∼ T 4, and for the velocity gradient scaling
Λ ∼ |∇ · v|. Our results do not come close to the aforementioned temperature
scaling, and do not reach the velocity gradient scaling for any significant amount
of model points. We must note however, that these discrepancies might arise
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Figure 6.17: Histogram of the impact of a CO density perturbation on the
cooling rate in the low density regime.
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Figure 6.18: Histogram of the impact of a perturbation of the velocity field on
the cooling rate in the low density regime.
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Figure 6.19: Histogram of the impact of a temperature perturbation on the
cooling rate in the high density regime.

from be due to our high density model points not being dense enough, as the
locally emitted radiation might not yet be completely limited by the velocity
field.

6.6Limitations

The cooling fits we propose in this paper come with some limitations to the
regime they are applicable to. Aside from the parameter limits described in
Table 6.2, we list some shortcomings of our radiative transfer modeling and
estimate their impact on the obtained rotational CO line cooling rates.

Our radiative transfer models in this paper do not include the intensity
contribution from the star. We have done this to allow our results to be
comparable with literature prescriptions for ISM-like conditions in Section 6.3.
As the regions just outside the star are approximately in LTE conditions, and
have temperatures similar to the effective temperature of the star, we do not



158 CO COOLING

0.0 0.2 0.4 0.6 0.8 1.0
output gradient relative to input gradient 

0

200

400

600

800

1000

1200

co
un

t

CO density gradient

Figure 6.20: Histogram of the impact of a CO density perturbation on the
cooling rate in the high density regime.
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Figure 6.21: Histogram of the impact of a perturbation of the velocity field on
the cooling rate in the high density regime.
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think this omission has a significant impact on the radiation field in the models.
However, an extra intensity contribution from the star might cause the closest
regions to heat instead of cool. We hereby note that we not encountered any
net radiative heating in any of our Magritte models.

We have simulated NLTE line radiative transfer using the first 41 rotational
levels of CO (v=0) and corresponding collisional rates up to 3000K [from
Yang et al., 2010]. We have therefore implicitly imposed an upper bound on
the model temperature of 3000K, when simulating NLTE radiative transfer.
Correspondingly, we also imposed an upper bound of 3000K on the model
temperatures used for the fitting functions. The limited amount of rotational
lines might affect the cooling rates in the hottest regions, as the emitted light
could be distributed over more lines, possibly increasing the radiative cooling
rate.

6.7Conclusion

In this paper, we provide CO cooling rates for the AGB environment. For this,
we create various models of the AGB binary environment in Section 6.4, to
which we apply NLTE line radiative transfer. We first compare the computed
cooling rates with some cooling rate prescriptions for the ISM, which we describe
in Section 6.3. It turns out that all of these prescriptions are based on different
parameter ranges than we have in our AGB models. We found that the cooling
rate prescription from Whitworth and Jaffa [2018] works best, having the least
amount of outliers. This prescription slightly overestimates the cooling rate by
0.14 dex on average, and has a standard deviation on the error of 0.18 dex. To
improve upon this for the AGB parameter regime, we propose a polynomial
fit for the cooling rate in Section 6.4.3. We find that using a single fit for
the entire parameter range, results in a worse fit in the high density regime,
compared to the low density regime. Therefore, we proposes different fits for
the low and high density regimes, with a cutoff at nCO = 1010m−3. In the
low density regime, the standard deviation for the error is 0.034 dex, while the
corresponding fit for the high density regime obtains a standard deviation of
0.053 dex. We suspect this higher error in the high density regime to arise from
the more complicated behavior of the cooling rate in this regime. In high optical
depths, the velocity field can limit how much radiation can escape, thereby
limiting the cooling rate. The cooling rates obtained in this paper valid are
for the AGB outflow, with temperatures limited to < 3000 K, H2 densities
between 1.5 ·108 m−3 and 1.9 ·1015 m−3, CO/H2 ratios between 10−4, 10−3 and
Ñ between 1.5 · 1013 and 4.2 · 1023 s m−3. Finally, we numerically verified in
Section 6.5 some analytic scaling relations for the cooling rate, both in the low
and high density regimes in the AGB environment. In particular, we confirm
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that the velocity gradient |∇ · v| has little impact on the cooling rate in the low
density regime, but matters more in the higher density regime.
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6.AApplying the full fit to single star models

In the main text, we focused on creating a CO cooling rate fit for hydrodynamics
models of AGB stars with a companion. Evidently, AGB stars can also exist
without a stellar mass companion object. Therefore, we verify in this appendix
whether our fit prescriptions also work for single star models.

In Section 6.4.1, we have explained how we created the radiative transfer models
for all AGB models in this paper, including the single star models. Given that
the parameter space of data points within the single star model is a subset of
the parameter space of data points for the binary models (see Fig. 6.22), we
expect that our fits of Section 6.4.3 will be adequate for the single star models.
In Fig. 6.23, we confirm this by applying both the low and high density fits
(in their relevant parameter ranges) to the single star data, obtaining a mean
relative difference for the log cooling rate log10 (Λfit/Λthis work) of −9.9 · 10−3

dex, with standard deviation of 2.9 · 10−2 dex.

https://github.com/Magritte-code/Magritte
https://github.com/Magritte-code/Magritte
https://github.com/Magritte-code/Magritte-torch


162 CO COOLING

Figure 6.22: Distribution of our AGB binary model points. The black contours
denote the extent of the parameter range for the single star model points.



APPLYING THE FULL FIT TO SINGLE STAR MODELS 163

0.100 0.075 0.050 0.025 0.000 0.025 0.050 0.075
log10 ( fit/ this work) [.]

0

25000

50000

75000

100000

125000

150000

175000

200000

co
un

ts

Combined fit: single star | mean: -9.9e-03 std: 2.9e-02

Figure 6.23: Histogram of relative differences between the reference results for
the single star data and the combined cooling fits for the low and high density
regimes.





CHAPTER 7
Future work

In this chapter, we outline a few possibilities to improve upon this work.
Some future work pertaining to particular codes, has been mentioned in the
corresponding chapters. We will mention what can still be done.

7.0.1Moment method in line radiative transfer

In radiative transfer, the moment method relies integrating different moments
of the radiative transfer (see Eq. 2.2), supplemented by a closure relation. The
method has better computational scaling, as it only solves the equation for
the integrated solid angle, instead of needing an angular discretization. This
method is currently used in continuum radiative transfer. One can also apply it
in line radiative transfer, if one approximates opacities and emissivities using
mean values [see e.g. Moens et al., 2022]. However, it has not yet been used for
detailed line radiative transfer, in which all lines are treated individually. This
due to a mismatch which frequencies get combined in the angular averaging,
due to influence of Doppler shifts. For a simple example, we construct the zero
moment of the radiative transfer equation, assuming a single line,

∫
Ω

n̂ · ∇I(n̂,x, ν)dn̂ =
∫

Ω
η(x, ν)− χ(x, ν)I(n̂,x, ν)dn̂. (7.1)

In theory, we can write down the moment equations for every position
independently. However, each one is defined with a different local velocity,
so it would be more convenient to integrate out the frequency dependency.
However, the opacity term on the right-hand side cannot easily be decoupled
from the intensity, as they are both frequency-dependent.
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It is theoretically possible to use a co-moving formulation of the radiative
transfer equation (see Eq. 4.5) as a start for the moment equation to not have
to integrate out the frequency. The main challenge would be to figure out how
to implement correct frequency boundary conditions everywhere.

7.0.2Comoving solver in 1D

In chapter 4, we implement a numerically stable comoving solver to be used
in 3D radiative transfer. It reduces the scaling power from ∼ O(N4/3

points) to
O(Npoints). In 1D radiative transfer, the computational gains are even higher,
reducing scaling from O(N2

points) to O(Npoints). Several papers [see e.g. Baron
and Hauschildt, 2004, Hauschildt and Baron, 2004] have already described the
comoving method in a non-monotonic setting1, but did not address any stability
concerns. However, the stabilization method in the thesis is still new, and has
potential to be applied to an actual 1D radiative transfer code.

Therefore, we can recommend implementing this method if one wants to do
model retrieval on spherically symmetric objects with non-monotonic velocity
fields. In currently available comoving frame solvers for 1D models, one either
assumes a monotonic velocity field or risks having numerical instabilities.

7.0.3Cooling rates for other molecules

In Chapter 6, we calculate a radiative cooling rate prescription for CO. We can
repeat the calculations for other molecules using the same pipeline, with the
caveat we do not treat population inversions, which can cause maser effects.
Note that other molecules will have more complex density structure than CO.
The main task will thus be to calculate the density profile of the molecule of
interest. However, similar to radiative transfer, chemistry is also computationally
expensive compared to hydrodynamics simulations. One might therefore need
to use a chemistry emulator, such as Mace [Maes et al., 2024], in order to
efficiently compute the abundance profile.

7.0.4Applying frequency matching to hydrodynamics

In Chapter 4, we have introduced frequency matching in order to alleviate
stability issues when using the co-moving frame formulation of the radiative
transfer equation (see Eq. 4.1). The general idea behind frequency matching,
is to use an adaptive stencil for the numerical discretization in order to avoid

1Although they fail to mention how they implemented their boundary conditions.
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stability issues. This could be used in time-stepping methods to allow us to
simplify the numerical discretization2 and allow for larger time steps, at the
cost of significantly more complex boundary conditions and stencil calculations.

We think that this method could have applications in numerical problems,
in which time stepping is limited by CFL-like stability criteria. We estimate
that most effort will need to be spent in optimizing the implementation of the
adaptive stencil and the boundary conditions.

2For hydrodynamics, for example flux limiters have been used to suppress numerical
instabilities.





CHAPTER 8
Conclusion

The ISM is the environment in which stars and planets are formed. Therefore,
to understand our origins, we must trace the origin of the material in the ISM.
It turns out that a significant amount of the dust and gas in the ISM originates
from AGB stars [Tielens, 2005]. These AGB stars lose most of their mass in
stellar winds, driven by radiation pressure on dust. In these outflows, complex
non-equilibrium chemistry takes place. To simulate this, we require input from
hydrodynamics and radiative transfer. Many observations for AGB stars show
complex structures, such as arcs and spiral-shape outflows, which hint at the
presence of a companion. Therefore, we can no longer treat our simulations in
1D.

The topic of this thesis is simulating radiative transfer, as it allows us to both
simulate the appearance of our AGB models and allows to to include additional
physics. We are in particular interested in the emission and absorption of
light by line transitions. These narrow features in frequency space originate
from transitions between discretized energy levels, and have a unique frequency
spectrum for each species. Thus from an observed spectrum, we can derive
which chemical species are present, based on the presence of these lines.

In order to simulate NLTE line radiative transfer, we need to take into account
the mutual dependence of the radiation field on the energy state of the medium
and vice versa. However, these simulations are computationally expensive,
especially in 3D. Therefore, I focused most of my efforts throughout this PhD on
improving the computational efficiency of NLTE line radiative transfer, further
developing the open-source NLTE line radiative transfer library Magritte. In
Chapter 3, we have shown how to use Magritte, and detail what computational
improvements we have made to simulating line radiative transfer.

Further trying to optimize radiative transfer simulations in Chapter 4, we
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explored the co-moving frame description of the radiative transfer equation, as
it provides better computational scaling, compared to the Feautrier method
we use. However, this co-moving method suffers from numerical instabilities
[Hauschildt and Baron, 2004, Sampoorna and Nagendra, 2016]. To alleviate
the numerical issues, we used a novel discretization of this equation, using what
we call frequency matching. This involves using an adaptive stencil for the
discretization, minimizing the (static frame) frequency differences. Applying this
method to calculate the radiation field of an AGB model with 885501 points, we
found a good agreement with the results computed using the Feautrier method,
and obtained a speedup of up to 5 times, depending on the exact details of the
implementation we used.

Newer compute architectures are optimized for computing using vector
operations. Therefore, in Chapter 5, we modified the computation algorithms
of our code Magritte to perform operations on large arrays of data. To
do this, we created a port of Magritte using the machine learning library
Pytorch. We applied both the new code, called Magrittetorch, and
Magritte to simulate radiative transfer on an AGB model. We found that
using Magrittetorch on GPU is a few times faster than Magritte on CPU,
while providing similar results. Furthermore, we can use Magrittetorch to
provide uncertainties on the calculated results, by exploiting the fact that we
can compute gradients on the model output with respect to the model input,
given that our models are built on top of machine learning libraries.

Finally, in Chapter 6, we computed rotational CO line cooling rates for the
AGB environment, which provide an additional cooling term, applicable at
relatively low temperatures (> 10 K). Given that detailed line radiative transfer
is still too computationally expensive to include in our AGB hydrodynamics
simulations, we resorted to finding a prescription for the cooling rate. We first
checked whether already existing cooling rate prescriptions for the ISM apply
to the AGB outflow, by computing the cooling rate on a variety of AGB binary
simulations. However, these prescriptions are not tailored to the parameter
regime of the AGB outflow, and proved to be not sufficiently accurate. We
therefore propose a new rotational CO cooling prescription, tailored to the AGB
environment.

Using the tools developed in this thesis, we can now better compare our
AGB models to observations, and can include additional physics to our AGB
simulations. This brings us one step closer towards a fully self-consistent model
for the AGB environment, which can augment our understanding of the origin
of the chemical composition of the ISM, our solar system, the universe, and
perhaps, the origin of life.
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Statement on the use of Generative AI

I have used generative AI assistance tools, such as Github Copilot. Other tools
such as ChatGPT were used for mere language assistance. Generative AI was
used for generating programming code. I have used Github Copilot to generate
short snippets of code, i.e. using it as autocomplete tool. The resulting code
was inspected manually, and when needed, corrected.

The text, code, and images in this thesis are my own (unless otherwise specified).
Generative AI has only been used in accordance with the KU Leuven guidelines
and appropriate references have been added. I have reviewed and edited the
content as needed and I take full responsibility for the content of the thesis.






